
~o-*o•9 957 OHIO STATE LNIIV COLIISUS SYSTEMS RESflRCH GROUP F/S 15/5
~~TIMIZAT ION OF A TRANSPORTATIOW SYSTEM PLAPt4ING PQOSI.flt . (Ii )
DEC fl w £ WIL*tL. AFOSR—fl—3230

4LASSJFIED RF—76*62A AF0SR—TR—fl— Oo65 pa.
10F 2

~o49957

U



i •C 111128 (~ 2.5

~~~~~~ llIII~2

I I
• _ _

• 
( 25 

~Iffl ’ •4 ~~
H ~LSOLU~ ~ N U H

~~ IkF .U :.N: v-



L~31~~~I
I ~~ REPORT

j~~~~~~~2 8J

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I 
~ YSTEM P L A N N I N G  PROBLEM S

I
i _ _ _ _ _ _

I 1 by/ U

___ (Ic ?i

I
SYSTEMS RESEARCH GROUP ~—

I Department of Industrial and Systems Engineering
The Ohio State University
Columbus, Ohio 43210 rj C

for 5 1978~~~~

Department of the Air Force

I Air Force Office of Scientific Research B
Boiling Air Force Base, D. C. 20332

I Directorate of Mathematical and Information Sciences

(11:

I ~ ±
I

~~-,.i.Itr~nTu-rlrrr -tEtJnh1r tiut uiflii~~ f l i d i~~~ ffli ~i ~OUiiT ii



AIR FORCE OFFICE OF SC1E~TIFIC RESEARCH (AFSC )

N O TI CE OF TRANSM ITTAL TO DD C
to :h: iC~~l r~ p~ rt ~~~ ~u en  1 :v ic  :~~d ~nd ~~ 

- .

~~~~‘ov -~i f or public ~~~~~~~ A~~ L J -- l~ (7b) .

~ t~~t r ibu t io n  i~ ~~ i~ mL tOd.
A. D. BLOSE
Technical j nf o rmetton Qff tcer

U

_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  A



D D C
J?fl~fl

r
~~~~

151
~~

8
E

~~~~~~
5 1978

~~~~

ABSTRACT B
This study investigated the problem of synthesizing a minimum cost

transportation system pian to service forecast shipment requirements am ong

a set of point s in such a manner as to satisfy aggregate ship-tim e performance

levels. Both commercial and dedicated modes may be used in the transporta-

tion plan; but the latter must be designed in detail including specification of ve-

hicles to be used , the route each is to service, and arrival/departure tim e

schedules, The problem , which is important to operation s of the Air Force

Logistics Command , requires prescription of a transport network capable of

providing acceptable levels of service to the shipments which it accommodates.

Research objectives included: refinement of a modeling approach ini-

tiated during the 1976 USA F/ASEE Summer Faculty P rog ram, development of

solution approaches, and assessment of computation time necessary to solve

problem s of realistic size. Study results satisfy each objective.

A large—scale mixed , 01 integer , linear programming model of the plan-

ning problem is developed and simplifi ed for solution by applying Benders ’ de—

composition to yield two more simple, interacting subproblems. One of these,

a linear program which assures ship-time performance, is am enable to efficient

solution techniques (Generalized Upper Bounding and column generation) for

which specialized algorithm s are presented.

Several formulations of th e  o ther  suh problem , whi ch (tel ifleS the(IOdi(~1Lted

rn ode network , ~V t ’F&’ developed. The f i r s t  i’ cquirc s enumeration of a set of
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feasible vehicle tours from which the dedicated mode may be designed. A

special purpose, implicit enumeration algorithm applicable to this model is

described.

Three additional formulations, each of which constructs vehicle tours

directly, were investigated. One model, a linear program amenable to large-

scale programming techniques, constructs tours via a column generation pro-

cedure and may be used in a branch-and-bound solution algorithm. An alternate

model casts the problem as a modified material flow-circulation problem . Char-

acteristics of this model which may be exploited to devise an efficient , implicit

enumeration algorithm are described . Finally, approaches based on constraint

aggregation and General ized Lagrange Multipliers were investigated in the at-

tempt to reduce the tour construction problem to a straightforward flow-

circulation probl em.

In all cases, the tactical, vehicle scheduling problem is treated subse-

quently using an available linear programming approach . Collectively , the re-

sults appear to offer the capability to solve transportation system planning prob-

lems of realistic size.
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CHAPTER I

INTRODUCTION

The Air Force operates a complex logistics system which is com posed

of transportation , inventory, and repair subsystems. These components are

related by the function each perform s and through the management policies

which guid e system operations. The transportation subsystem is of particular

importance, since it has a significant influence over the capital investm ent re-

quired for spare part s and since it provides a critical service necessary for

maintaining acceptable numbers of weapons systems in operational condition.

This study is directed to the design of the transportation system operated by

the Air  Force Logistics Command (A FLC). However, the mathematical struc-

ture of the problem is common to a variety of system s (including multi-modal

transportation and other collection-distribution networks such as that operated

by the postal service) and may be specialized for application in other contexts.

In order to optimize the entire logistics system, an optimal balance

must be achieved amongst its operating components: transportation , inventory,

and repair. If resupply time be reduced , fewer investment item . need be pur-

chased to provide equival ent logistics support to accomplish the prescribed A i r

I’orce mission . Since many investment items managed by the Ai r  Force are

very costly, it is important to be able to prescribe an optimal t rade -off  between

inventory investment and transportation expense. I)r . A. Kovacs , a colleagu e

__ __ _  ~~~~~~~~~~~~~~~~~~~~~~~ -— ~~~~~~~~~~~ -~~~~~~



on the 1976 USA F/ASEE Summer Faculty Research Program , has examined

the logistics system problem. He developed several mod els which describe

essential features of the logistics system and showed how they might be used in

a prescriptive model to define the optimal trade-off between transportation ex-

pense and inventory investm ent. In order to accomplish this overall objective,

Dr . Kovacs ’ logistics system model requires the functional relationship of

minimum transportation cost to service level. The Transportation System

Planning Model, which is the top ic of th is research, can def ine that necessary

functional relationship, Results of this study may therefore be used to optimize

the transportation system plan as well as to provid e guidance in making impor-

tant decisions which integrate operations of the entire logistics system .

Problem Statem ent

The essential features of the transportation system planning problem

are stated concisely below so that all components of the problem addressed are

identified.

Given expected daily shipping requirements amongst all points in the

logistics system categodzed by the shipping times required and,

perhaps, by characteristics which might be used in vehicle/mod e

assignment decisions (1. e., we ight, volume, special handling

needs).

Design an optimal, minimum total annual cost transportation system

plan which defines specific routes by which shipments are to be

2 
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made, assures required s pping time for each material category,

and determines the appropriate balance in the use of commercial

modes and dedicated modes, which should be spec ified if they prove

to be cost effective.

To provide the necessary flex ibility, the dedicated modal network could

(potentially) use a number of different types of aircraft and trucks.

The optimal system design must specify dedicated modes in de-

tail including the best types and numbers of vehicles to be used

and designation of the route to be served by each vehicle. Char-

acteristics of each vehicle such as weighti’volume capacity, speed,

endurance, and maintenance positioning requirements need be

considered. The arrival/departure schedules of each vehicle at

each point it services must be specified since this schedule is

important to coordinating dock operations, to vehicle crew needs,

and to service level s afforted material flows.

The system problem encompasses three important aspects of design: vehicle

route synthesis, material flowtime control , and determ ination of vehicle sched-

ules. The optimization model should perm it detailed sensitivity analyses Pt

important factors such as shipping time requirem ents and transportation prior-

ity scheme. The iii ~ l ci should a! so fac f l i t  a te evaluation of n ianagem ent policies

such as I he use I a singl e  point to st ocl~ see and— echelon invent oil es. I )eve lop—

in ent ii I hese pu st — opt i in a l i t  y analysis  p roe edu res is not a part of th i s  stud y,

3
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but the need for such detailed evaluation was identified and used to guide de-

velopment of the basic modeling capability .

A brief description of the operating procedures used in the current sys-

tem is given in Appendix A. The description indicates the practical importance

of each facet of the problem statem ent and its relationship to AFLC needs.

Summary of Approach and Report Outline

A model of the transportation system plann ing problem was developed

during the 1976 USA F/ASEE Summer Faculty Program and presented in the

proposal submitted to AFOSR which lead to this study. The original model,

which is given in Append ix B of this report , incorporated the essential features

of the transportat ion system planning problem but offers little opportunity to

develop efficien t solution procedures because of the large number of integer

variables and constraints in the formulation . A significant improvem ent in

formulation was developed and submitted to AFOSR while the research proposal

was in review. The second model , which is listed in Append ix C, employed a

modeling approach which allowed a significant reduction in the number of vari-

ables and constraints required to express the problem and offered a better op-

portunity to develop successful solution approaches.

Research during this study has provided further , significan t improve-

ments in model formulation, resulting in the forms presented in this report.

Experience gained in developing the first two fo rmulations led to the more re—

rent version which is much more simple and which is am enable to efficient so—

lut ion l)roc~~lures which were developed during this study.

4
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Solution strategy allows the vehicle scheduling component of the prob-

1cm to be treated separately according to a method developed by a study con-

ducted at the Air Force Institute of Technology (A FIT). The material flow and

vehicle routing components are treated jointly in each of several solution pro-

c edures.

Given a network of tours which are traversed by vehicles in dedicated

modes and knowledge of c’om ni ercial modes available, the planning problem re-

duces to a multi-commodity material flow problem subject to the important

ship time constraints. A model representing this flow problem is developed in

Chapter III and efficient solution procedures are described . The model is a

large-scale linear program which is am enable to Generalized Upper Bounding

and column generation techniques. This model might be used to evaluate a pro-

posed, dedicated mod e network , or , perhaps, to design such a network heuris-

tically. \lost im p u i t a n t l v , the model is used as a basic component of more

comprehensive models whi ch also incorporate the vehicle routing coniponent ..

Vehicles mad e available for use by the dedicated mode network are

assumed to be defined by applicable operating characteristics such as carrying

capacity, tour length limitations , and tour origin/term ination points (which are

dictated by vehicle maintenance-facility location). One approach , which was

developed to provide an optimal transportation system plan relies upon the

assumpt ion  th at ,at least in som e applications , it is efficient to define a set of

feasib le vehicl e t eur s  t r am which the optimal dedicated mod e network may he

( I ~~5 i gn e I .
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This approach, which is described in Chapter lv , may use either a

limited set of tours which is likely to include the optimal solution , or the set

of all feasible tours which may he enumerated rapidly for probl ems of l imited

size. A large—scale mixed, 01 integer, linear programming model is shown to

— include both the material flow and vehicle tou r components. Efficient solution

procedures are developed for this model applying Benders’ decomposition tode-

n y c  two interacting subp roblems which invoke existing theory to determine op-

timal transportation system plans. One of the subproblem s is (essentially ) the

sam e as the material flow model discussed in Chapter III and the other is am e-

nable to efficient solution by a special pu rpose, implicit enumeration algorithm

designed specifically for that purpose.

A third -- and more highly sophisticated approach -- was researched

and is described in Chapter V. This approach relies upon the assumption that ,

in som e applications , it may be best to employ a solution procedure which is

capable of constructing vehicle tours, rather than merely selecting tours from

among a set which is provid ed for use. Three strategies are described to im—

plenient this approach by which vehicle tours are constructed as an integral com-

ponent of the solution procedure.

The first strategy leads to a large-scale, mixed integer linear program-

ming model. The program is simplified by application of Benders ’ decomposition

y ielding the material flow (linear) program and an interacting integer problem

which completely defines the vehicle network. This binary problem bears a

close relationship to well known network problems of the flow circulation type.

6
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Characteristics which allow efficient solution and techniques to exploit these

characteristics in an implicit enumeration algorithm are discussed .

The second strategy gives rise to a model formulation which is amenable

to efficient branch-and bound procedures. This strategy incorporates linear

programming techniques such as Generalized Upper Bounding and column genera-

tion using a shortest path subproblem.

The third strategy examines the opportunity to construct vehicle tours

using an efficient flow circulation al gorithm. Techniques for aggregating con-

F straints into the objective to yield a pure flow-circulation problem are evaluated.

Generalized Lagrange multiplier techniques are also considered as a means of

effecting this more simple structure.

A literature review which describes prior work in each of the three a reas

related in the transportation system planning problem appears in Chapter IL In

particular , the vehicle scheduling approach developed in the AFIT study is

described in that chapter.

A final chapter records conclusions from this study and outlines reco in—

mendations for continued research on the transportation system planning prob—

1cm . A large number of variables interact in the planning problem and the no-

tation required to represent the problem is lengthy. A complete listing of all

notation used in the body of this report is therefore given in Appendi~ 1) for

COfl V(~f liC f l C C .
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CHAPTE R II

LITE RA TURE REVIEW

A rather thorough search of the literature has revealed that there Is

little history on the stated problem which requires simultaneous optimization

of a network design and control of multicommodity material flowt imes. There

are, however, several recent studies which are of interest because of the ap-

proaches they take to solving related prob lems. There is also a well developed

literature on each of the three main aspects of the planning problem--vehicle

network design, multicommodity m aterial flows through networks, and vehicle

scheduling. Each of these areas is reviewed briefly in this section.

Related Problems

Two master’s theses addressed to the design of the Logair route struc-

ture have recently been completed at the Air Force Institute of Technology

(A FIT). Building on the experience gained by the Palmatier and Prescott (1975)

study, McPherson and O’Hara (1976) fo rmulate a limited ve rs ion of the network

flow design problem which minimizes a total cost function

mm E (dC .. + f ) Z. .
i j  14 ii

subject to range limitation on sortee length, material conservation constraints

~ X.. +R . ~~~X. ,

~ ijk j k ~t jik J-fk

i~~j, i -f k

vehicle capacity restrictions

8 

~- -—V- - --- -----— -— . —
~~~~~~~

-- 

-

_ _  _ _



- - -,--- —-~~~

�~~X.. ~~~d .. Z .. ; V.1
k t jk ij ij

and vehicle conservation constraints

�: z.. = � z~.
i 1.J 

~ 
j i

in which

X ii k  0 ;  ~~

d cost per mile -

C .. distance from point i t o  j

f - - aircraft landing fee

Z .. - number of times arc ij is flown = 0, 1, 2, .. ., n

Xjjk 
= tons shipped from i to j bound for destination k

d .. = aircraft capacity on arc ij

Rik 
= total requirements originating at j for k

This model is a large scale, mixed intege r linear program (MILP) which the

authors solved using a standard, although sophisticated, algorithm available on

the AFLC computer system . Three serious limitations arise in this formulation.

First, optimal tours are not specified for vehicles. Secondly, transportation

time for a particular shipm ent cannot be determ ined because the model considers

only total cargo shipped out of each point rather than accounting for the route of

each shipment. This om ission will not allow a useful measure of service level

to be developed. Finally, it took three hours of com putation time (on a Honey-

well 650 com puter) to solve a twelve point problem , so applicability of this

app roach is u r n  ited to small  network problem s.

9 
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Three othe r studies are of interest because they successfully apply large

scale programming techniques to related network design problems. Rao and

Zoints (1968) studied the problem of minimizing the cost of transporting com-

modities am ongst various ports by vessels which are routed according to model

prescription. They employ a colum n generation schem e for which subproblem s

are solved by the efficient out—of-kilter algorithm. Com putationally, the approach

is efficient, but integer solutions do not result and connected vessel routes are

not specified, so application of the model is limited.

Richardson (1976) formulated an airline routing design problem as a

MILP problem and solved it by application of Benders ’ decomposition method.

A standard linear programming “subproblem ” and a 0, 1 integer “maste r” prob-

lem resulted and the latter was solved by a special purpose algorithm . Com pu-

tation times for problem s of realistic size (26 points) were modest (less than

two minutes on a DEC-10/1055 computer).

Geoffrion and Graves (1974) studied a multicommodity distribution prob—

lem involving 14 m anufacturing plants, 45 possible distribution center sites,

121 customer zones and 17 commodity classes. They solved the large scale

MILP problem by a Benders ’ decomposition formulation which efficiently solved

subproblems of the transportation type and a master 0, 1 problem using a speci-

ally designed, hybrid branch—and--bound/cutting plane approach. Computation

times less than one m inute using an IBM 360/91 com pute r were repo rted. The

authors also present formidable a rguments supporting their optimization ~o-

proach since it allows comprehensive sensitivity studies and detailed analysts

of managerial  alte rnatives.
10
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While the last three studies were not addressed specifically to the trans-

portation system problem , they do indicate the com putational success of certain

large scale programming techniques in solving MILP models of related fo rm .

Other examples could be cited, but these should provide sufficient backg round

for later discussion.

Vehicle Network Design

The classical approach to designing a network through which vehicles

transport goods is through the multiple traveling salesman form ulation. This

problem requires each of n points to be serviced once by only one of the m vehi—

de s  provided in the system ; vehicles must collectively execute their itinerancy

at minimum total cost. This problem may be expressed mathematically (see

Taha (1971, Svestka (1973), and Miller , et al. (1960) ) as:

mm E d . x ..
ij 14 ij

subject to:

~~ X1~ = 1 j 1 , 2, . . . ,  n [21

~ X.. = 1 i 1 , 2, .. . , n [31
j 14

- + (n-m ) X1~ S n-rn-i [41

in which ~~ is the cost of traversing the arc from i to j and X~ is 1 if a vehicle

travels over the arc between points i and j and “0” otherwise. The last con—

straint requires each vehicle tour to be a single , connected cycle in the network.

Different formulat ions  to Invoke the connected-cycle requirement have given rise

to a number of mathemat ical  models which define the basic t ravel ing salesman

11

L -- ~~... ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~ - 



problem . Golden, Magnant i, and Nguyen (1977) provide a rather com plete tax-

onomy of integer formulations of this type.

Balinski and Quandt (1964) suggested an alternate type of program which

is essentially a set partitioning problem:

n
m m ~ C. X. 151

H -~ ~ V

S. t.
n
E a1. X. = 1; i~ i, 2, .. . , m [61

j = i J J

— 0, 1 ; j~ i , 2, . .. , n 17 1

in which

n is the total number of tours satisfying vehicle capacity constraints.

a .. -
~ 1 if delivery route ~ visits point 1, 1) otherwise

C~ cost of delivery route j

X~ = 1 if delivery route j is used, 0 otherwise.

The authors developed a column generation technique to solve problem 15]

through [7]. The approach has apparently not been further refined by more re-

cent research.

The (multiple- ) vehicle routing problem has received a great deal of

attention and a number of solution approaches have been developed. Three of

these general approaches are of interest with respect to the transportation

system planning problem .

The subtou r elim ination method solves the classical assignment problem

consisting of equations [ i i ,  [2 1, and [3] by an efficient linear programming code.

12 
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Zero—one solutions result (since the problem structure is unim odular); but , In

general , connected tours are not obtained. Branch and bound algorithm s have

been devised to elim inate subtours, assuring satisfaction of equation [41. Svestka

and Huckfe ldt (1973) report favorable com putational experience with this approach

solving 60-city problems with mean run time of 80 seconds on a UNIVA C 1108

com puter . However , their d 1~ values were random ly generated and the resulting

matrix of values was asymmetric (d m~ ~ d ..). Belirnore and Malone (1971) have

shown that the more practical , symmetric case (d .. d~1) is more difficult to

solve , in particular, the symmetric case requires an efficient technique to

elim inate subtours of length two.

Little, et al. (1963 ) developed an efficient branch-and-bound algorithm

for solving the tra veling salesman problem . As discussed by Pierce (1969),

this algorithm may be adapted to solve the multiple vehicle problem with addi-

tional constraints to reflect practical limitations such as vehicle capacity and

tim e schedule. Problem s with 25 cities may be solved in approx imately 30 sec-

onds on an IBM 7094 computer, although run tim e increases by a factor of 10

for each additional 7-10 cities. This particular algorithm is useful only for the

asymm etric (d .. d~1) case. The transportation system problem assumes

syl7lmetric costs for a vehicle to travel between two points (d 11 dJ 1). Approaches

such as that developed by Little , et al. (1963) are, in general , ineffective and ,

for the most part , inappropriate in the case of symmetric distances. Complex-

it i es  which characterize the symmetric  case are stipulated in som e detail by

Stec kh an (1970).

- - V —-- 
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A variety of heuristic procedures have also been proposed . While they

offer the advantage of relatively low com putation times for large scale problems,

they cannot guarantee an optimal solution. Historically, the savings approach

initiated by Clarke and Wright (1964) has been the most thoroughly researched.

The fundam ental concept used by the method is that an arc is added to a vehicle

tour if its inclusion would result in an overall cost saving. The technique was

applied to single and multiple terminal delivery problem s by Tillman (1968 and

1969), and embellishments to the basic approach were suggested by Tiliman

and Bering (1971), and Holmes and Parker (1976) . Several studies-—Gaskell

(196 7), Christofides and Eiion (1969), and Webb ( 1972)——e valuated the perfor—

mance of the savings approach and found it to be acceptable in comparison to

other procedures. Other, more sophisticated heuristics have been developed-—

Wren and Holiday (1972), Glllett and Miller (1974), and Lin and Ke rnighari

(1973) —-and shown to produce good results with reasonable computation tim e,

even for large problem s. Golden, Magnonti, and Nguyen (1977) combined the

savings approach with efficient computational procedures and claim that the re- V

suiting algorithm is characterized by very low run times, It appears , however,

that their algorithm terminates afte r quickly finding a “local min im um ” (i. e., a

solution which cannot be improved by m aking a simple, pairwise reallocation of

points to vehicle routes) .

Two additiona l approaches have been initiated in recent work. Held and

Karp  (1970), (1971) have shown that the travel ing salesman problem m a y  be

solved by formulation of the appropriate subproblcm which defines a min imum

spanning tree which also form s  a conm~cted cycle including all points in the
1~1
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network. Foster and Ryan (1976) Incorporate characteristics of optimal solu-

tions to routing problem s (as defined by earlier work) in an efficient approach

which solves the vehicle routing problem using linear programming algorithms

adapted to handle special cases which arise in these problems .

A more detailed evaluation of vehicle routing problem s is not presented

here since they are related to the system s plann ing problem in a limited way .

The problem s are similar in the respect that both involve large scale 0 , 1 integer

programming com plications. The research discussed seem s to be that which is

most closely related to the current problem . Excellent surveys of the work in

this area have been provided by Bellmore and Nemhauser (1968); Pierce (1969);

and Turner, Ghare , and Fourds (1974). A rather comprehensive bibliography

of related studies is included in this report for easy reference.

Multicom m odity Network Flows

Problem s related to multicom m odity flows in capacitated networks also

encompass a large body of literature. Ford and Fulkerson (1958) initiated work

in this area by developing an efficient algorithm to determine max imal mul t i -

commodity flow s in capacitated networks. Gomory and Bu (1964) studied the

problem of synthesizing a network to satisfy tim e varying requirements . Tom tin —

(1966) formulated the problem of satisfying m ulticommodity flow requirements

in an existing, capacitated network at minimum total cost. He studied both node—

arc and arc—chain fo rmulations and indicated eff icient , large scale prograni m ing

techniques which might be applied to solve problem s of realistic size .

15
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Cremeans, Smith, and 1~ ndal1 (1970) reported an approach which pro-

~‘ides significant insight into the proposed planning problem . The authors de-

veloped a minimum cost formulation of multicom m odity flows (with preassigned

origins and destinations) subject to capacity and resource constraints , and de-

livery requirements. Given a commercial/dedicated mode network design,

m inim um cost flow plans could be developed using this general approach. The

possibility of solving the transportation system planning problem using this

general approach is discussed more fully in Chapter III. Cremeans et al .

utilize an arc chain incidence matrix which defines the arcs included in each

possible chain (path) from origin to destination for all commodity flows. The

arc-chain approach offers the advantage that shipping tim e can be calculated and

included in the problem formulation, while the node-arc formulation exam ined by

Mcpherson and O’Hara (1976) does not provide this important capability. Given

the incidence matrix of a particular network design, the decision to be made in

the optimization problem is simply how much flow to prescribe for each chain.

The authors describe an efficient solution procedure which utilizes a shortest

path algorithm in a colum n generation scheme. The paper reports “encouraging”

results time—wise on problem s involving 150 commodities, 1000 arcs , and 50

resources.

Weigel and Crem cans (1972) enhanced the initial model to allow more

real istic treatment of practical conside rations such as ~ehicles required per

tim e period and node capacity constraints . A problem involving 29U a rcs, -42

resources, and nine origin—destination pairs was solved on a CDC 6400 compute r

16
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in 30 minutes. The authors indicate that run time is sensitive to the particular

problem formulation used.

Vehicle Scheduling

A variety of vehicle scheduling problems have appeared in the literature.

Several types are closely related to the system s plann ing problem and are briefly

outlined here to record sim ilarities and to allow comparison of previous solution

approaches with the one selected for application to the current problem.

Laderm an, Gle iberman, and Egan (1966) studied the basic problem of

allocating ships to (existing) routes using a linear programming (LP) form ulation.

Their objective was to satisf y requirements for transporting a single cargo con-

sidering vessel capacities and the times at which they would be available .

Conley, et al . (1968) also used an L1~ model to min imize  the total cost of ship-

ping a single commodity through a rather large network. A more detailed prob-

lem involving several  commodities, transshipm ent points, and two aircraft types

was studied by Gould (1971). His work , which was sponsored by the Military

Aircraf t  Command (MAC), developed an LP model to min imize  the costs of

moving aircraft over existing routes subject to operational constraints. Benning-

ton (1970) was also able to formulate an LP model of a problem involving move-

ment of mil i tary forces over an existing network to achieve a desired schedule

of arr ivals , lie employed a node—chain formulation to describe fl ows and also

in cluded realistic deta i l s  such as vehicle repositioning. Collecti v ely , t hese

stuilics represent the capability of ~P m odd s to prescribe m at cri al  flows and

vehi c le  schedules. Ih e  proposed sy stem s planning problem requires prescription

17
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of an optimal routing network in addition to flow and time considerations .

Seve ral papers have been addressed to this more comprehensive problem .

Larnpkin (1966) solved a problem involving prescription of four aspects

of municipal bus service: route structure design, service frequency, detailed

timetables, and bus schedules. The author simplified the problem for solution,

dealing with different facets in a piecewise fashion. He used a heuristic proce—

(lure to specif y a reasonable route structure.

Belimore (1971) studied a similar problem of dete rm ining a time sched-

V 

ule and vessel routing which maximizes a utility function . A fleet of dissimilar

tankers was employed to satisfy delivery requirements for a single com m odity.

Delivery dates were constrained by predetermined limits. The LP model was

solved using Dantzig-Wolfe decomposition. A branch and bound algorithm (of

the Land and Doig type) was devised to obtain final , integer results, since a

fractional solution would , in general , be obtained from the LP solution.

A similar problem of selecting tankers with suitable characteristics

and determining routes so that cargo is delivered within a specified time range

at minimum total cost was researched by McKay (1974). Employing a pr~~mat ic

approach , he defined routes using a heuristic method (which was not discussed)

and solved the remaining portion as an LP problem using a “selective ’ rounding

procedure to obtain inte ~‘r results.

Iiiese StU(Ii( -~ hav e  been able to resolve network—flow—scheduling prob—

leni s related to the transportation system problem . liowe ve m- , none would pe rmit

treatm ent of the t ransi t  t ime  of ind iv idua l  shipments. This is a m a j o r  Bin ita tion

18
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since shipping time is the prime measure of service level afforded by a multi—

model transportation system . Additionally, the scheduling problem posed is

more dynam ic in nature. Delivery times to transshipment points cannot be pre-

defined within useful lim its. Rather, the schedules of all vehicles which ser-

vice a transfer point should be co—ordinated to prom ote optimal service levels.

One study which addresses only the (dynamic) vehicle arrival/depa rture

schedule was performed by Moberly and Gorychka (1976) at the A FIT. Designed

to improve the efficiency of the current Logair system , the study minim izes

shipping time for an established route structure. The objective function consists

of term s of two types: Wj~ (xi1 — y~ ), and ~V~1 (x~ — 

~ i ~. l ) e e i s i on  v a r iab les

x . .  and y~ represent vehicle departure and arr ival  tim es , respecti~ elv , of flight i

at point j. The factor W~ applied to ground tim e, (x~ — v~ 1. weights the oh je e—

tive function to represent the amount of cargo shipped through point j on vehicle i .

Analogously, weighting factor WI. represents cargo transferred between flights

at point j . Summing over all term s of th is type, the objective function results in

minim izing total weighted shipping time . Their LI ’  model incorporates constraints

which assure at least the necessary m inimum ground tbii e and flight tim e between

points as well as relationships between flights inv o l ~ ed in n ia t er i a l  tr ansshipments .

Numerical results show significant improvem ent over l~~7h l o g ~ i r schedules ,

which were  ( ies ign e( I  by negotiations with the contractor .

\‘eh a le schedul ing contr ibutes to total svsteni  eli e u t i  veness on lV h~ a l low —

i ng som e t r ans sh i ents to I a in ade dxpc( l i t ious  ly.  The ah i l i t v  t ( \ j  ‘I I ‘ opt im urn

~ che Iii  k s  and actual l y achieve potential  shi p t im e m i  ji rov emu ents rc’l t es upon in a—

ter i a l  handling c a l s i l  d I i  t ie s  which allow shipm cats to I a’ transshiped & x j  el it i~ ~usl .
1 9
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In many cases, material handling requirements impose transshipment delays on

the order of several day s. Therefore it appears that vehicle scheduling repre-

sents a marginal opportunity to improve total system effectiveness (particularly

with respect to the problem s encountered by the Air Force Logistics Command

which were used as a basis for identifying the transportation system planning

problem) . It is therefore assumed in this study that marginal improvements

made possible by vehicle scheduling may be achieved by implementing the

Moberly/Gorychka (1976) once ‘optimal’ vehicle routes and material flows have

been defined.

This assumption reduces the transportation system problem to two corn -

ponents. Each of these is a classical problem type which has been thoroughly

researched as indicated by the literature review. However, the primary diffi-

culty encountered by most existing approaches (particularly those used in vehicle

routing) is that there are no procedures available to allow the necessary inte r-

action between the two problem types. This interaction is necessary so that ,

for example, vehicle routes may be redesigned to provide improved material

flow capabilities. This study initiates research on this topic and indicates

approaches which do provide such capability.
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Ch A P T E R  111

A MODE L FOR i-; VA L t A T I N G  A LTF :RNATIVI - :s

The model presented in this chapter m ight be applied in cases in which

management needs a means of evaluating a particular transportation system

plan devised from experience or, perhaps , from a considered m-e~ j ew of histor-

ical trends in an existing transportation system . Certa in operating svst en is

may be so complex that it may not he possible to develop a rea listic m odel to

determine an optimal plan. In some cases, the sy s t em com ple xity ma impose

a mathematical structure for which no practical solution method is ava i lab le .

In other cases , management may like to retain the decision making function

they have lx ’rior mne ( l  h is tor ical ly,  yet need a tool to provide an ohje ct i \  & me n—

s u m e  of the economic implicat ions of their  pla n and to assess the ship t ime  pe r—

formance af f o r d e d  by the ove rall transpo rtation system.

In addition to providing measures of the effe ctiveness of a pa rt icular

p lan , the model might be used in the decision making process to select the pre-

ferred plan from a set of feasible al ternat ives , Al t e r n : i t c l v , the model might

point out certain weaknesses of a proposed plan so that marginal  imn pr o ’~ eel cots

could he identified and incorporated in the sy stem design stage.

Finally, and l)( ’rhaps most impo rtantly, the model is actuall y a b asic com-

ponent of more coitip iex , opt i mn i i in g models which are (I isCUS Sd(I in Lit er  ( I lapt ers .

a in the heu i-i stic a, ~ di  ca tions , the model is used to e~ a luate th e a rt i cu la r 5\ V 5 _

t eam designs in the w m V 

~-anee I model to i-ma .

21

V ~~~~~ -~~~~ --- --- —~~---



The model is described in the first section of this chapter. Efficient

solution procedures are discussed in detail in the second section.

Model Description

Given a network of vehicle tours traversed by components of the de-

dicated mode(s), the transportation system planning problem reduces to a

multicommodity material flow problem. In actuality, it is not possible to state

a set of necessary and sufficient conditions for the dedicated mode network

aside from the system objective of minimizing total costs subject to ship time

and operating constraints. The utility of a particular network design cannot be

evaluated until it is complete. There are no criteria, other than the system

criteria, by which this network can be designed. In contrast, in the more

simple, multiple vehicle—routing type problems, the network of vehicle tours

may be defined with respect to criteria which require one vehicle to visit each

point each day, or , perhaps , which provide sufficient vehicle capacity to satisf y

the needs of each point. The transportation system problem has no such criteria

for the vehicle network. Rather, the primary design criteria is to minimize

total systemcost. Since commercial modes are also available for use, the mater-

ial flow problem must determine the manner in which the dedicated mode network

is to be used , and, as a consequence, provide measures of system cost and pe r-

formance.

The material flow problem must determine an optimal policy of using

both dedicated and co imi o ie r c [a I  shippin g modes. In order to satisf y the imlipo r

tant measure of ship tUne performance , it is necessary for the flow problem to

22
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completely define the paths from source, s, to destination, d, for shipments

made. These paths , which are also specific to the type of material, m, being

shipped , are called flow chains. Once the flow chain paths are defined , the

amount of material to be shipped across the flow chain must be determined .

Figure 1 presents the multicommodity material flow model , wh ich is

very similar to the one proposed by Cremeans, et al. (1970). Total system

cost is composed of the dedicated m ode cost plus that of the commercial modes

as stated by the objective function , equation [81.

The model is a linear program in which the decision variables are scaled

to indicate the portion of some msd shipment requirement, 
~mnsd’ which is acco mn—

modated by a specific Ilow chain . As stated, the model allows direct s to d ship—

rA , rTmeats on either commercial air S or commercial truck, S . It is
016(1 rns( i

assumed that a feasible , albeit costly, solution is alway s possible through the

exclusive use of commercial air . Provision of the more economical, vet more

time consuming, comm ercial truck mode allows obvious trade-of fs to he consid-

ered in system design. Additional commercial modes and/or complicated ship-

ping paths which use both commercial and dedicated m odes could he e as i ly  incor-

porated in this type of model .

Equation 191 invokes ship time standa r i ls which are the pr imary  measure

of system performance. Constraints of this form could he includ ed m r  each type

of material , for sp (e ih  e msd combinations , and V or for all shipments in an over-

all system pe rforn ian ce ~C( lU I rement .

l’hie total a mount m it  mate r io I tm -a as shipped through m a  cli point  in the ne t —

wmi rL may I mc coast ra iflc( l 1 iy In ate rial hand l ing  eapahil itv and or a \~ i i i  al i l  e

~~~~‘- _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _V V V V~~~~~~~~~~~~~~~ V V  V V V V V V V V~~~~~~~V V~~~



M m .  f [ �~ C ~~~ + �~ C rA 
5 rA 

+ ~ C rT s r T l  [81msd 1=1 msd m~~ msd msd msd msdj

Subject to:

Ship Time Standards

~~ T~~~~~f ~~~) + ~ ~ ~~A 8 rA + T T 5 rT 
~~n L msd L msd msd msd msd msd mL.€ I-L (m) msd

m 1 , Z, .. . , M 191

Transshipment Point Capacity

~~ ~msd 
~~(t) 

~~~ 
i 1 , 2~ ..., I [10]

V Vehicle/Arc Capacity

aqL fmsd ~~~ ~ bq q=1, Z, . .. ,Q 1111

Ship Requirements

~~~~~~~~~~~~~~~ ~ 
+ S~~~d + S~~~d = 1. 0 V msd [12]

Non-negativity Constraints

~ (t) 
5

rA 
5

rT o V t , msd 1131msd msd

Figure 1. -—The Multicommodity Material Flow Problem
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warehouse space. Equation [10] incorporates this type of practical restriction

on material flows , in fact , management may wish to allow tra nsshipments at

only a few points in the network for administrative reasons. It should be noted,

however , that the opportunity to transship among vehicles greatl y enhances the

c a r ry i n g  capacity of the ded icated mnode .

Commercial modes are assumed to have inf inite capacity , but vehicles

V in the dedicated mode provide limited capacity. The amount of m aterial shipped

on each arc t r ave r sed  by a vehicle in the dedicated mode must, therefore , ob-

ser ’e  this capacity res t ra in ,  as imposed by equation [11]. Vehicles in the net-

work provided would tend to be used extensively since the flow problem incurs

no cost for  use of the dedicated mode = 0 is assumed!).

Ship requirements, 1mnsd’ among all msd combinations are assumed to

be known and must be satisfied by the sy stem plan. Equation 112] invokes this

operating requirement.

In scmc applications , the re may be additional operating constraints

which need be i m posed. h owever , the basic characteristics of problems of this

type are included in this model. One closely allied problem which I l ay  he en-

count ered in practical situations is the case in which limited funds are pro s ided

to operate a transportation system and the best possible ship time per fo rmance

must be obtained within the funding limitation . This problem could he solved

using the material  flow mno del and solution procedure by incorporating two minor

mo (l i f i ca t ions . The f ir s t would rede fin e the ohj ~ ctive in order to iii m i l l )  i ,  ~

( m a , pe rhap s , sonic we ig hted s u m i m  of t Ime  ‘l Iie 5(~~( V V ~m im l Would incorpo rat e

t he cost ~un eti ( ,n , not as the obje ct iv e , hut as an operating constraint.

V •~~~~~~~~~~~~~~~~~~~~~~~~~~ V _ ~~ V~~~~~~~~~~~~~~~~ ~~~~~~~~ - -



As formulated, the flow problem is a large-scale linear program. The

structure Of thiS program is analyzed in the next sect ion and an efficient solution

procedure is described.

Solution Procedure

The material flow problem is expressed in matrix notation in Figure 2.

Matrix dimensions are stated in Appendix E. Two particular characteristics of

the model are evident in this formulation. First, ship requirements impose a

large number of constraints in practical problems for which there are a large

number of points and/or material categories in the system. Secondly, there

are an extremely large number of columns, each of which represents one possible

flow chain or shipment route for some msd combination in the dedicated mode net-

work. Fortunately, efficient computational devices are available to simplify each

of these complexities.

Gene ralized Upper Bounding

All of the msd ship requirement constraints may be treated implicitly by

the Generalized Upper Bounding (GUB) procedure, which is described in detail

by Lasdon (1970), pages 324—340 . The procedure incorporates the Revised

Simplex method of solving a linear program. Since equation [12] stipulates that

the sum of all flow s for each msd combination must equal one, there must be at

least one flow for each combination. Each basic feasible solution, therefore,

has at least one column associated with each msd ship requirement. One basic

column for each mnsd Is defined as the “key column ” for the msd set and other

2(i
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Mm P0 _ _ _ _ _ _ _ _ _ _ _r Associated
Subject to: L Dual Variable

ISS + 
A rA 

+ T~~ rT + T
f P = 1’ a

IS~ 
4 - /3

isa’ + A f I~

io - ~rA 
- ~ rT~ rT 0 d

4 lS ’~” + IS ’ 1  1 G [~ 1 6

Figure Z. --The Multicommodity Material l ’low Problem V

Matrix Notation
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columns, if any, for that set are expressed as a function of the key column.

This approach allows the ship requirements to be handled implicitly so that a

working basis consisting only of nonkey , basic columns is sufficient for repre-

senting a basic feasible solution. Since the inverse of the working basis , B 1,

need be updated at each iteration of the Revised Simplex method, computation

time is greatly enhanced by using the smaller, working basis which consists of

only (M 1 ~ + Q + 1) rows and columns.

The GUB procedure also provides an efficient method to determine the

initial basic feasible solution, Initially S S 
~ , S~ = b. , s a b , andm m 1 1 q q

R r ~
- 1. 0. A Phase I procedure is needed to replace the artificial variables ,msd

R~~sd. This replacement is readily accomplished, since it was assumed that the

commercial air mode is capable of delivering all shipments in such a way that

all ship time standards are satisfied. Since the R r are initially defined asmsd

the key variables (columns) and there are no nonkey members in the working

basis, the replacement may be accomplished merely by redefining the key van - 
V

ables to be the 
~~~~~~ 

The working basis need not be updated in this process ,

conserving run time. Should commercial air not provide a feasible solution in

some application, the standard “Big M” method should be applied in a routine

Phase I process.

The basic feasible solution which results from the suggested Phase I

procedure is very costly, since all shipments are accommodated by premium

transportation. A secon(l stage in the solution process solves the materia l flow

problem using only commercial modes. The value of this solution , B0, 
V
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represents an upper bound on the total system cost, since dedicated modes woul d

be specified only if they can reduce total cost below B0.

In reporting computational experience, Lasdon (1970) states that the

Generalized Uppe r Bounding procedure may decrease compute r run time by a

factor of 10 (in comparison to the straightforward Revised Simplex method). A

problem with 2813 variables, the equivalent of 780 msd combinations , and 39

rows/columns in B 1 was solved on an ~~M 709 1 computer in 15 minutes. ~~ n

times of this order of mnagnitudc are certainly necessary to successful applica-

tion of the material flow model.

Column Generation

The large number of columns associated with material flow chains--

paths from s to d in the dedicate d network-—may be treated implicitly by a column

generation procedure. This approach does not require explicit enumeration of

all possible flow chains in the network; rathe r, flow chains are defined by solving

a set of shortest—path suhproblems to identif y the column to enter the basis at

each iteration of the Revised Simplex method.

This basic approach was first suggested by Ford and 1-’u lke rson (1958).

Cremeans , Smith , and Tyndall (1970) and Weigel and Cremeans ( 19 7 2 1  report

successful application of the approach in solving large—scale , mult icommod ity 
V

network flow prohiems. The most recent paper reports run t ime on the order of

20 minutes to solve a problem with ~4 1 rows on a CDC ~~~V l () ( )  compute , . Si n ce

the Gen era l  lied I ppt r I~ounding proc emlu re is also being applied in the cur ren t  V

r t s ea reh , the comiiputati ona l burden a ao cj a t cml  wi th  the Ia rge nutmm be  r of rows in
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that example would also be ameliorated using the approach discussed here .

The column generation procedure is described in detail in the remainder

of this section. A typical column in P. KL ,  includes ship time , transshipment

point load , flow chain designation, and msd set membership information:

[ (0.. .  T~ t) 
~msd” . 0 T (t) 

~msd ) (t lL ~msd’” ~~~ t ms&

(~1l, ~msd . . aQ~, ~msd) (0) ~~~ . ~~~~~~~ 1T [14]

If the columns are defined explicitly, the 1~~t) , t .,~, , a~~~ , and need be

specified for each flow chain:

ship time for material type m on flow chain £.

t~~, 1 if flow chain L transships at point i, 0 otherwise

aqL ~
- 1 if flow chain ~ traverses vehicle arc q, 0 otherwise

- I if flow chain £ is associated with msd = n, 0 otherw ise.

Since the columns are to be generated , each of these must be treated as an

unknown decision ~ar i . th 1~ in the sub problems which define flow chains.

A t each ite ration of the Revised Simplex method , each row has an associ-

ated Simplex mul t ip l i e r  calculated from (‘
J3 B 1. (C~ is the vector of objective

function coefficients for basic variables arranged as the columns of B. )  The V

ve( -t or  of simplex mult ipl iers  is defined as

[( 0 l 0Z ... cm~~h ) ( ( V . .  

~~~~~ ~~~~~~~~~~~~ 
(d 0 ) 

~ l ~~ rnsd H

[15]

:10



Since the objective is to m inimize, the column , j ,  which  m n a x i m i/ Ves

— C~) > 0 ”  enters solution at each iteration . b sin ~ the f o r m u l a t i ~~ in f ig-

ure Z , CB is a vector of zeroes, except the last c l em en t  ~~~~~ flu ~ i r n j Iex

multipliers defined by C13 B 1 are therefore the elements in th ~ at row V~~~

at each iteration. The column criterion,

m~ x ~ CB B 1 Kt c4 ? O

may he formulated using equations [14] and (151:

m~x [ m M ~~
TL~ ~msd~ 

+ 

~~ ~ i (t~~ ~~~~
Q msd 1

q~ i ~q (aqL ~msd~ 
+ (0 ) d0 + �2 b 1 (g~2, — -Lj > 0 E I I ; I

Ship time on flow chain L may be expressed in detai l  as:

T~
t ) _ O

sm
+~~~ T~~aq~~~+ 

~~~~~~~ t~~ i~ i t X i~ 
t~~~ ( 17(

Since each flow chain is related to some specific msd combinat ion , let

msd
~~ ~~~• (

~~i~- )  [ iS ]
J _V l

The approach allov ’- ~i slack variable (~ S 5t 5d
1 to ente r into solution

if its corresponding S~ mph \V 
~~~ 1 ‘p lier o ,~~ ~ i’ 

‘
~ q ~ Ios i t ivc. Al l  0rn ’ 

V V
j ,

and Yq are therefore negativ in this column generation procedure . ~~ may be

either positive or nega t ive , although if it is nonpositive , column 2~ could not V

ente r solution , s i l l e m ’  it could not ‘‘price out’ i t  a OSI I i  e value . Co mbining

( ( I m mat imi ns  ( i c ] ,  1 17 1 ,  a nd h a l, us ing  l I ) ~~) l t l t c  \ V a I L m (  signs , and de l in ing

:11
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= 1a ,~ I + l a M i
the criterion to determine the entering column is:

max 
~rnsd [ i~~ 

( 1 ~~ I T~~ + 1~~ 1 ) t mt

+ 
~~ ( I ~~~I T c~ + I Y q f ) a q~ ,

q 1

+ 

i~ 1 
( I  T

~L ) X.L

+ 

~~~ ( O + U d ) ]  - C~~~ > 0

t~~•, , ~~~ , X LL = 0, 1 and form a connected
path from s to d . [19]

The value of this criterion for each msd combination may be found by

solving a shortest path problem. Figure 3 depicts a typical subproblem of this

type. Two vehicles are provided in the dedicated mode network. Vehicle A

traverses the route which visits points 1, 2, and 3 in that order; and vehicle B

services the route consisting of points 5, 4, and 2. Overnight ship time delay s

are represented by the arcs between nodes lÀ and 1A’ as well as between 5B and

5W . Transshipments may occur at point 2. Arc ‘distances ’ or costs are labeled

according to equation [19] components. Suppose a shipment of material in begins

V at source s = 1 and is destined for d 4. Arcs from a ‘dummy ’ source , S. to

s - - 1 and from d -

~~ -I to ‘dummy ’ destination , D, account for the constants re-

lated to the msd combination . Dotted rca representing transshipments a m’e

assigned ‘distances ’ according to the coefficients  of t~1, solid lines showing the

32
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arcs traversed by vehicles are assigned the ‘distances ’ given by the aq~~ coeffic-

ients. The shortest path from S to D would be the set of arcs connecting points

S-lA’-2A-2B-5B-5B’ -4B—D in that order. The path includes ‘distance’ con-

stants associated with all msd paths , utilizes both vehicles, incurs one over-

night ship time delay and one transshipment delay. This path is, in fact , the

only feasible one in this example since any other path would include a subcycle

(a visit to some point more than once) which would unnecessarily increase ship

time and require vehicle capacity which m ight be used for other shipments.

At each Revised Simplex iteration , a shortest path subprob lem need be

solved for each msd combination to determine the best column to enter. Given

the path defined for the msd , the column criterion is given by equation [19].

The column which gives the maximum positive criterion i, the one to enter at

this iteration. If a column has a negative criterion value , it is not a candidate

to enter; and if the shortest paths for all msd yield nonpositive criteria, the cur-

rent solution is optimal since no column could enter and improve the current

solution. A column already in solution would not be generated again by this pro-

cedure since (by definition of the Simplex Multipliers) it would ‘price out’ at

zero and would therefore not be a candidate to enter.

In lieu of solving msd shortest path problems, a single subproblem ap-

propriately defined could be used to solve 2, 3, ..,, msd of the original subprob-

lems simultaneously. Figure 1 depicts a network in which all msd subprob lems

could be solved as a single shortest path p roblemn . A mathematical statement of

this single problem is:

3-1
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Mm Z
V 

Subject to:

Z ~ - C~ fmsd[ i~ l ~~ ~~ T1~~ + I I )

+ 
~ ‘~ ‘L 

Tq + ~Yq I aqL
q 1

F 

+ 

~~~~~ 
T~~ ) X~~,

+ I~~~I ( O sm + Udm )]

Z ~ 0, t~~ , aqL ,  X~~, 0, 1 and form a connected path
from s to d.

Computational experience is necessary to determine the best number of subprob-

lems to solve simultaneously in this formulation.

In any event, the usefulness of this overall solution approach is largely

dependent upon solving the subproblem(s) efficiently. A special algorithm was

devised to conserve computer storage space, and to provide efficient computation

times. The algorithm is based on an early pape r by Dijkstra (1959) in which he

suggested an approach which has apparently (Dreyfus (1967), Golden (1976),

Elmaghraby (1970) ) not been bettered by more recent research on the shortest

path problem.

The algorithm solves a set, i i ,  of the msd subproblems simultaneously

by discovering the shortest path fro m S to 1) as shown in Figure 4. Processing

steps operate on the nodes N in the set of subnetworks , placing them on list A if

36 

-~~~- 



the shortest path from S to N has been discovered, on list B if some path from

S to N has been defined , and on list C if no path from S to N has yet been defined .

To begin, all nodes for msd 
— 

ri are on list C. The source nodes, s, are removed

and assigned to list A and all nodes accessable from the source nodes are placed

on list B. Entries on list 13 are ordered low to hi gh with respect to the dis tance

fromn S to N . At  each iteration , the first entry on list H, N , is rem oved and

placed on list A since the shortest pat h from S to N is now evident--any other

path from S to N would necessarily be longer. Each nod e J which is accea sable

from node N is then checked to see if the path through N to j  is bette r than any

identified previously . List B and , if necessary , list C are updated according ly .

The shortest path from S to D is known when any of the d sd for msd

reaches the top of list B. The column criterion may then be calculated to deter-

mine if this flow chain should become the next entering coiumnn . If no flow chain

which satisfied equation 119] is defined in this procedure , the current solution is

optimal for the material flow problem.

In addition to using the Dijkstra approach as the underlying mechanism

in the shortest path algorithm , several additional features are incorporated ft

V pro m ote efficiency . Arc ‘distances ’ need not he calculated unti l  needed , so the

‘dista nces ’ of some number of arcs may never  be calculated. Nod es a nd arcs

need not be added to represent t ran sshipment s  and overn ight ~VC111 ( .1C~ t e r m i n a l

delays as suggested by the conceptual presentation in Figure ~~~. Ra th ’r , these

factors may Ix’ t r eated without expanding network site. I ’ina l1~ , an lut e r v a l

sect I~~fl P r ( m( (alu re m n: m v lie used to reorder fbi Ies rn l i s t  I~. This p ro( ( l ure is

:17 
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expected to be efficient in solving large problems. A detailed statement of the

algorithm follows.

Step 0: Initialization

A. Initially, all nodes, I, for msd combinations ~ r~ are on list C with

D(I) 0. A vector of data for each vehicle arc defines the beginning

node , I; the ending node, J; the associated vehicle, k; the number of

the successor arc traversed by vehicle k, NSUC; the number of trans-

shipments possible at point J and the successor vehicle arc numbers

for each transshipment.

Step 1: Originating Flow Chains

A. For each msd C i~

Remove the source node, s, from list C. Calculate

D(s) = - &L - Cj  + 
~msd I amsd °sm

If D(s) ~ 0, drop this msd combination since it could not provide

the entering column. Otherwise, add node s to list A , since D(s) is

the shortest length path from S to s. Process each arc q which

emanates from nod e s in subnetwork msd according to step 1/B .

13. For each arc emanating from s in msd e

Calculate the distance along arc q and at its end point, J,

— — tD~1 
V ( ° msd Tq ÷ Y q

It point ,J is the destination, dmsd~ 
add I amsd I 

~~Jm to Dq to accoun t

tor  unload time at the destination. If j  “ ~
1msd’ and J is the ter m ination

3M
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point for the k tour , add 
~~msd I T~~, to Dq to account for  overn ight

ship time delay befo re next-day movement. Calculate distance measure

D(J) - l)(s) + 

~~~ d D(1.

If D(J) 0, drop this potential path , since it would not be able to pro-

vicl e the shortest (nonpositive) path from S to J. Otherwise, remove .1

from list C and place it on list B in order of increasing D(. ) for the

nodes on list B. Record the msd subnetwork associated with this nod e

(NET) and the predecessur of node J on list A , PRED(J) - S .

C. A fter all source nodes for msd ~ and the vehicle arcs which emanate

f rom them have been processed , go to step 2.

Step 2: Gene ra l Iterative Process

A . If list B is empty , stop; the entering column cannot be from the set r i .

Otherwise , re m ove the first entry from list B, node N . The shortest

path from S to N is now known to be the stored value , D N . ti m e prede-

cessor node on this path is PRED(N) , the ’ app licable msd suirnetwork is

the stored value , NET. Add node N to list A. if N is the des t ina t ien .

d ms( l~ 
go to step 4. If there is no successor arc , NS U C, for the vehicle

which b rought the fl ow chain to N, go to step 3. Otherwise , go to

step 2 /13.

13. The successor arc q for vehicle k begin s at point N and ends at point - I .

I)eter mfline the ‘distance ’ along arc q and at its end point:

1 u(~ i- 1 1 I .
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As in step 1/B , update 
~ q if point J is the destination1 dmsd~ 

or, If

J#  dmsd and J is the termination point for vehicle k.

Calculate distance measure 
V

D(J) D(N) + Dq~

If D(J) ~ 0, drop this potential path to J and go to step 3.

C. If node J in this msd subnetwork Is on list C, remove it and order it on

list B using measure D(J). Record the msd network (NETi for J and

set PRED(J) N. Go to step 3.

D. If node J in this msd subnetwork is already on list B and if D(J) cal-

culated above is greater than the stored distance from S to J, D(J) , go

to step 3. Otherwise, a shorter path from S to J has been found.

Give D(J) its new value calculated above, reorder .1 on list B, and

record PRED(.J) = N. Go to step 3.

Step 3: Transshipments

A. If there can be no transshipments at node J, return to step 2/A.

Otherwise process each of the vehicle arcs which transship out of

node J according to the following substeps. 
V

B. The flow chain leaves vehicle k at point J, incurs delay T~
S , and

departs J on vehicle k’ on arc q bound for point r .

Determine the distance along arc q and at its end point:

I ~~ I “,~m 1
~i ~ 

+ ( I I T~ I Y q I
I pdatc D11 for t J j m and ‘I’~~, ( if appropriate) as in step 2/I l.

40
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Calculate distance measure

D( J1) -
~ D( J) + l5q~

If D(J’ ) ~ 0, drop this potential path to J’

Otherwise, process node J’ using D(J ’ ) according to steps 2/C and 2 - ’I) .

C. Return to step 2/A after all possible transshipments out of J have been

examined.

Step 4: Destination Node dmsd has been reached.

A . Node dmsd was just removed from list B in step 2/A , the shortest

path from S to any destination for the msd I 11 has thus been identi-

fied (the algor ithm generates paths from S to nodes in increasing

distance so no path to another destination could be better than the one

just discovered). Trace the path from dmsd back to S using the

PRED(N) data. Accumulate the total ship time along this flow chain

as defined by equation [17), and also accumulate the total column

criterion as defined by equation [19]. If the column criterion is greate r

than the current best, record the new column data as defined in

equation [19).

B. If all msd have been included in some subproblem, stop. (Either the

best entering columnn has been defined or it has been shown that no

column will enter and the current solution is optimal) . Otherwise,

increment the set m~ to include a new set of the rnsd combinations and

go to step 0.

41
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CHAPTER IV

AN OPTIMIZING APPROACH

A hypothesized economic relationship between the cost of the dedicated

mode vehicle network and the total system cost is depicted in Figure 5. If no

dedicated mode be provided , the minimum cost shipping plan using commercial

modes exclusively is B0 as described in the previous chapter. Provision of a

‘small’ dedicated mode network may actually increase total system expenses, :1
since vehicles in the dedicated mode may not be used to capacity. As the scale

of the dedicated mode is increased, more transshipments become possible and

material flow is facilitated, A variety of network designs may be possible for

any particular level of expense. However , each design may give rise to differ-

ent material flow characteristics and, hence, to different system cost. This

phenomenon is reflected by the band In which total costs are hypothesized to

lie. As the dedicated mode is made larger and larger, capacity is available to

transport most shipments and transshipment opportunities are present to pro- V

mote smooth flow. Continued increases in scale at that point brin g about little,

if any, system improvement; and , ultimately, excess capacity beyond that

needed is indicated. It is expected that a rather broad range of network designs

would provide total system cost near the optimum. The relative locations of

points to be served in combination with other imnportant features c ,\V i (Ien t in a

part icular  application may allow an analyst to determine a solution within this

42
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broad range using only the heuristic procedure described in the previous

chapter.

However , in other applications it may be difficult to design a good net-

work with heuristics and a method to determine an optimal solution is necessary .

Synthesizing a network design is a complex decision process. Vehicle tours

must be determined by material flow requirements and total system cost. Char-

acteristics of the less complex, multiple—vehicle routing problems-—providing

one vehicle to service each point daily, designing the network so that the total V

travel distance is minimized, using cloverleaf route geometries--may have

little bearing on practical problems of the transportation system planning type.

‘A mathematical model which does specify an optimal transportation

system plan is presented in this chapte r. All design features described in the

problem statement are incorporated in the model , which is a large scale, mixed

0, 1 integer, linear program.

The model is presented in the first section of this chapter . A solution

algorithm designed to exploit the particular structure of the model is described

in the second section,

Model Description

The model requires feasible vehicle tours to be defined and made avail-

able for use in designing the network. The 0, 1 integer portion of the problem

then determines which set of \V ehi e l e  tours to use in the optimal network design.

The optimalltv of the resultin g system plan is , of course , relative to the set of

tours  p ri vh 1cm I . I I owe ’ve r , this may not he pa rttcula i~I y restrictiv e , since V

-14
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experience should be a good indicator of the types of vehicle tours most likely to

service system needs efficiently and since a large number of tours could be

made available for possible usc VJ~~ the design process. For problems with a

small number of points , all fea V m b l e  t - urs could be enumerated using a simple

algorithm described later. At worst , this approach allows the analyst to eval-

uate a set of design combinations far in excess of the number possible through

heuristic or manual procedures.

A detailed statement of the model appears in Figure 6. The objective

function combines the cost of material flow and the expense of vehicle tours used

in the dedicated mode. Tour cost, Crk~ 
may reflect a number of components

including, for example, a fixed investment—type expense , a cost to travel be-

tween each of the points on the tour , and costs to service each point. Equations

[211, [22], and [24), which provide constraints on ship time, transshipment point

loading, and ship requirements are the same as equations [9], [10], and [12] in

the material flow model of Figure 1.

The remainder of the model accounts for the network design process.

Equation f 23] defines vehicle arc capacity, but d iffers from equation E l i )  in the

material flow model in one important  respect. it is assumed in this model that

each vehicle provided establishes a set of constraints of the form in equation 123].

Arcs not used in a pa rt icular network design cannot be used for material flc ’~

a nd h a ’s e r ight  hand s i i i -  equal t i l  R r~ . Each a rc, q, is defined by a vector of

i nfor m ation in e lmi d  ing - l N I ( V ~~, n im i ng a n m i  t ’n d i i tg  points , the specific vehicle in—

vol ed , a nd w i ’  tb ‘ is the I i  m - -— t  or second t ime the vehicle t ravels  from the

V _- —- ~V V 
-
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Problem P1

Mm F 
~msd ~~ msd m

~~ 
5rnsd + 

msd 
C~~~d Srnsd]

+ ~~ ~ Crk Trk [20 ]
k 1  rC T(k)

Subject to:

Ship Time Standards

(t) (t) A rA T rT
2.E~i(m)~~~’ 

1msd ~L + 
msd ~msci (T d Smsd ÷ T d Smsd ) 

~ 
1’

m’ [211

m l , 2 , . , . , M

Transshipment Point Cap~ç~~

~ 
t iL f msd P~~ ~ 

; j~ 1, 2, .. . ,  I [22]

Vehicle Arc Capacity

~~~ 
a~~~f~~5~ ~~~ ~ bq 

~~~~~(k) 
Trk ; q 1 , 2,.. . ,Q [231

Ship Requirements

~~~~~~~~ ~~~~~~ ~~~ + S
~~~d + S~~~d 1. 0 ; V msd [24]

Vehicle Assignment to One Tou r Only

Z k ~ k - 1, 2, . . ., K [2 5 ]
r _ T(k ) r

Figure 6.--The Transportation System Planning Model
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Complementary Vehicle Relationships

�~ Trk + ~ ~~~ 1 ; k~’1, 2, . . ., K [26 ]
r~~T(k) rL T (k)

Vehicle Network Constraints

As required in a specific application to restrict, for example,
the total vehicle capacity provided , the total number of vehicle
visits to a point, or to require a return tour supplementing [27 ]
vehicle paths.

Non-negativity and Integer Requirements

~ 
(t) s rA , s rT 

~ 0 V.2, msdL msd msd

Trk 0, 1 V k, r T(k) [28]

Figure 6. --Continued
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beginning to ending point. This level of detail is necessary to assure that no

vehicle is overloaded on any arc.

The remaining constraints relate to vehicle tours. Equation [25 ) re-

quires each vehicle to be used in at most one tour in a network design. Should

the null tour (the vehicle actually does nothing) be defined for a vehicle , equa-

tion [25] should be stated as a strict equality , indicating that each vehicle must

have some tour in solution.

Equation [26 1 provides a means of improving solution times in some

cases by defining vehicles in predetermined pairs to be complementa ry to each

other. This device permits several possibilities. First, the nul l  tour for

vehicle k could be formulated as the only tour allowed for k , providing a means

of invoking the relationship noted above. Secondly , this type of constraint could

distinguish between tour paths and tour routes traversed by a single ~ehic 1e.

F’or example, vehicle k may originate at Los Angeles , vis i t  se’ er a! points and

terminate at New York. The set of all such paths could be ~icwccI as the possible

tours for k. An alte rnate network strategy migh t call to r  k to tra~ erse a route ,

traveling eastward, say, to Dallas and subsequently terminating at its point of

origin , Los Angeles, to complete the route. In actuality , there max ’ be only one

vehicle and the complementarily constraint indicates that onl y one type of tour is

feasible . Additionally, the constraint may improve solution t ime by providin ~

logical means of branching .

Should a tour path be defined , other tour paths also need be defined to

return the vehicle fro m its ter m ination point the next day . Otherwise , one point

V
~ 

V’~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~



may he a ‘sink’ at which all vehicles terminate and therefore originate the next

day . This and other constraints which management might impose on network

design in any particular application are represented by the note, equation [27 ) .

V Each of the defined tours is assumed to satisfy all constraints imposed

by ni~ nagement as well as any limitations which result from vehicle operating

characteristics. Examples of such constraints are: the number of points visited

by a vehicle; the tour length in time and/or distance stipulated by vehicle capa-

bilities , or , perhaps , crew requirements; and the number of times a vehicl e

\Visits a particular point. Furthermore, it is assumed that each vehicl e tra-

verses its assigned tour durin g the course of a day. Routes are traversed daily

and in the case of paths , vehicles are redefined and depart from their termin a-

tion point the next day. Alternate assumptions concerning tour duration and

frequency could be incorporated in the model if necessary.

V E ven though the model may be stated using only a few types of constraints ,

it does represent a large scale mathematical programming problem . Avai lab le

mixed 0, 1 integer , linear programming codes might be applied to solve problems

on limited scope. But this approach is expected to find limited success unless

V the GUB and column generation procedures described in the previous chapter

can be applied. An alte rnate procedure which does allow use of these eff icient

techniques results from application of the concept s of Benders ’ decomposition .

V 
These concepts were originally developed by Benders ( 1962) and were later cx-

tended by Geoffrlon ( 1972). The technique is well summarized by Lasdon (1 9701 .

Benders ’ decomposition allows the system model in Figure 6 to be re—expr essed

-$9
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as two interacting models. One of these problems is defined as Problem LP

in Figure 7; and the other, Problem 01, is stated in Figure 8. Each of these

problems is more simple than the original problem , and efficient solution pro-

V cedures may be devised to exploit the special structure of each providing effic-

ient computation capability.

Problem LP is essentially the same as the multicommodity material

flow problem in Figure 1. LP accepts a vehicle network (specified by 01) and

determines the least-cost shipping plan using both dedicated and commercial

V modes. In turn, LP provides information to 01 by adding a constraint which

essentially gives an indication of the relative utility of the vehicle network. The

solution procedure continues iteratively in this fashion until the optimal solution

is determined. Convergence is guaranteed by the theory of Benders ’ decompos-

ition. but a large number of iterations may be required. However , the litera-

ture records successful application of the method to a variety of problems (see,

for example, Geoff n o n  and Graves (1974) and Richardson (1976) ). Considering

these reports of computational experience, the decomposition approach is ex-

pected to provide an efficient solution procedure for the transportation system

planning problem.

The right-hand sides of constraints represented by equation [32] are zero

if the arc is not used in a given vehicle network and equal to bq if arc q is , in

fact , defined in the network. At each K-iteration, equation [32] need be defined

only for those arcs in the vehicle network defined by Problem 01. Zero arc

capacity merel y indicates that no material tVlow chain may use the arc. Excluding

50
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Prehiem LP:

Mm ~ O 1msd [ ~~

‘ c~ ~~~ + 
msd 

C~~~d S~~~d + 
msd 

C
~~~d S

d] 1 29 1

Subject to: I Associated 1Dual Variable

Ship Time Standards

(t) 
~
, ~ (t) 

+ 
A rA

£€~~ (m) 
T
L msd L msd msd 

(T
d 
S

d

+ Trnsd 5rnsd ~ ‘ m m-l , 2, . .. , M a m ) 3 0J

Transshipment Point Capacity

�2 t~~ ~msd I~~ ~ ; i 1 , 2 I [3 1)

Vehicle/Arc Capacity

£ 
aqIfmsd ~~

) ~ bq [
~ 

T
rk] 

; q~ 1, 2, . . . , Q Yq 13 2 1

Ship Requirements

~~~ 
~~~~~~~~~~~~~~~~ + S

~~~d 
1.0 ; V msd 

~ msd [33]

Non-negativity Requirements

rA rT
S 1 * riisd 

- 
0 v .2. , mns d 3 11

l igu re 7. — — I ‘rob lem u I I
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it from the problem obviously accomplishes the same result. As shown in

Appendix F, the dual variables associated with these undefined arcs must equal

zero whether or not they are included in the formulation of LP.

The objective function of the dual of LP is

M I Q
max ~ F a + �~ 

•

~~~~~~~~. + ~ b I �~ T ly + ~ 5 . [35]
m 1  m m i— i ‘ ~ q=1 q 

~r~~Tq (k) rk
j  

q msd msd

In most applications, the dual of the linear programming problem would be

solved rather than the primal, since the set of feasible solutions in the dual is

not affected by the values assigned to the binary variables. The advantage of

using the dual is that the solution found at the last K -iteration may be used as

the initial basic feasible solution for the current K-iteration. Only the dual ob-

jective function coefficients change as a function of the bina ry variables as noted

by equation [35]. However, in the current application, it is recommended that

the primal, LP, be used to take advantage of several possibilities to reduce

computation time: 1) only constraints with nonzero right-hand sides need be

defined in equation [32] at each Iteration, 2) the GUB method may be applied to

the primal , 3) the column generation scheme described in the previous chapter

may be applied to the primal problem. Since an efficient Phase I procedure is

available, use of the primal appears preferable to use of the dual in this application.

It is well known that the optimal solution to LP has the same value as

the optimal solution to its dual problem . Thus, for optimal values of all

variables:

52

~ 

- -~~~~- --~~~~~~~~~~ - -~~~~- - -~~~- V  - 



r

V

~~~~~

V

~~~~~~

V V  

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~~~~ V

f msd
[~~ i 

C1 ~~~ + 
msd 

C~~~d S rA
d 

+ 

msd ~ rnsd Srnsd]

~~~
1m~~m~ i~

’
1~~ ~~ 

+ 

q~ i 
b
q[~~~~~~~~T

rk] 
) q msd 

5msd [36 1

Considering the directions of the inequalities in the constraints of problem P1,

it is seen that a ,  ~ , and y are nonpositive and S is unrestricted in sign. The

value of the dual objective function is, however , nonnegative as noted 1w equa-

tion [36].

At each K-iteration , the dual objective function is comnbined with the ex-

pression for vehicle tour cost to form an additional Benders ’ cut (or constraint)

in Problem 01:

K M I
~7 > ~ VV ~~ (-~ 

,p 4~ 
~5V~ m~ -i~ ~ ‘ h ~

‘ k~ ‘ ~~
‘ ‘m 0 K ‘~~~i~k 1  r T(k ) r rt~ m~ 1 m, i= 1 ‘

+ 
qE:i bq 

[r ~~~k
T

rk] 
~q 

~d
5msd ,~ 

.[37]

By defining the non-negative constant B~ as

M I
BK = E I ci + ~ b. ~~. 

+ ~ S ,
m— 1 

m - m,~ 1:1 1 - 1, K msd msd ,K

equation (37 J may he re—expressed as in equation I 43[ . V
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Problem 01

Mm Z [39]

Subject to:

Vehicle Assignment to One Tour Only

~ Trk ~ 1 ; k 1 , 2 , . . . K  [40]
r~~T(k)

Complementary Vehicle Relationships

�~ Trk + 
~~ 

T~~ = 1 ; k=-1, 2 , . . . , K [41]
rciT(k) r~~T(k)

V ehicle Network Constraints

As required in a specific application to restrict, for example,
the total vehicle capacity provided, the total number of vehicle
visits to a point, or to require a return tou r supplementing [42]
vehicle paths .

Benders ’ Cuts

K r
Z ~~ Crk - ~ bq I YqK I f Trk + BK ; 

V

k— i r T(k) I q T q (k) i

1431

Integer and Non-negativity Constraints

Trk 0, 1 Y k , r .~.T(k)

Z ~ 0 144 1

Figure 8. —-Problem 01
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The other constraints in Problem 01 are taken from Problem 1~1 and

carry the samne implications as discussed previously. The continuous variable ,

‘/, is defined by the Benders ’ cut which places the highest cost assessment on a

particular network design. Benders ’ cuts essentially pla ce a value on a proposed

network which is dete rmined from network designs previously evaluated by

Problem LP. In particular , = 0 if the vehicle which traverses arc q is not

loaded to capacity . The cuts , therefore , tend to feed back more information to

01 if a num ber of ~ehic le a re  are loaded to capacity. Fortunaf l y , Proble m J~J)

attempts to load arcs to capac ity since thc~’ are available at zero cost , while ex-

penses are incurred for use of ommerc ia l  modes. The cuts do not provide an 
V

indication of individual tours which might he et f e e t i v e . Rather , the~’ pl ace a

value on the networl. , or complete set 0! ~V ehic~le tours. The effective cost of

including ~m are , which  was loaded to capacity in a previous solution , is reduced

by the terms . The indicate the ut i l i ty  of a vehicle arc with respect to the

material fl ow subpr ohlem and tend to i( Ient ll y arcs which may he used eifect ive lv

by m aterial flow if they are provided by solution of the network subprobleni .

In a general formulation involving Benders ’ decomposition , a second type

ol constraint may ha~ c to he augmnented to the integer problem . The function of

the second ty pe of cut is to assure that solutions provided by the intege r problem

allow the primal l inear  program to attain a te a sible  solution. These cuts arc not

re( fuir e ( l  in the en rrcnt formnul at ion , since it is assu m ed that exclusive use ol

com m e r c i a l  air  is a l w:mv s f eas ib l e . Thu s [P may a t t a i n  a t e : ms ib lc  s o l u t i o n  no

mn:ttt e r what veli ic Ic network is spec i fled . 
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Solution Procedure

E fficient procedures to solve Problem LP were described In Chapter IlL

Steps required to solve Problem 01 and the combination of 01 and LP are de-

tailed in this section.

Tou r Provision

A set of feasible tours for each vehicle may be defined by the analyst

and made available for use in Problem 01. This process would not be expected V

to be particularly difficult or time consuming, since tours could be readily de-

fined by picking likely candidates, considering the relative locations of the

points to be served and the material flow requirements between them . Tours

need not be confined to limitations typically imposed in the multiple-vehicle

routing problem. For example, a given vehicle tour might visit one point a

number of times, or all vehicle tours may service one of the points to assure

transshipment capability.

All feasible tours may be enumerated using the following algorithm:

Step 0: Initialization

Define the set of 0-length tou rs to be empty. Set n -
~ 0. Go to step 1.

Step 1: Tou r Definition

Define (n + 1) - length tours by augmenting the termination point , t,

( fo r  vehicl e k) to each of the n—lengt h pa rtial  tours which do not have t

as the l a s t  p oint . ( heck tou r f e a s ib i l i t y  with respect to t ime and or

dis tance l en gth . n m m m n l w r  u t  vis i ts  ‘point , etc . Record any feasible
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(n+l)-lengt h tours . If ( n+ 1)  maximum feasible tour length , stop.

Otherwise, go to step 2.

Step 2: Partial Tour Extension

Increment n. Define n-length partial tours by augmenting point i

(i=1 , 2 , ... , I; i-/last point on (n — 1)—length tour) to each of the (n — 1)—length

partial tours. Check tou r feasibility with respect to time and/or distance

length , nu m ber of visits / point, etc. Drop any infeasible , partial tours 
V

f rom the list of n—length partial tours . Go to step 1.

Since this al gorit hmn would define a large number  of tours , it should be used only

when each vehicle c~ n service a low number of points and/or when feasib i l i ty con-

straints rule out a large number  of potential tours. Of course , the algorithm could V

be used to define a set of tours from which the analyst ma~ pick l ikely  candidates

to make available to Problem 01.

It is also recommended that the analyst define a ‘good’ vehicle network

so that a relatively ti ght uppe r bound on the solution to P1 may be defined early .

This should not be difficult assuming that the analyst has some !V a mn i l i .m r i t i ,  with

historical operations of the system under study or of similar systems.

Solution Bounds

Iterations may begin by solving LP using the initial network d e f i n e -  liv

the analyst. I setul  bounds on the solution t ’ P1 and on the value of 1 ma he

defined at each iteration according to the theory of Benders ’ dccom npos~t i un

( I  ~m s ( k ) m 1 , la7fl).

a
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If at iteration K , ( Z , T IC ) solves Problem 01 and P0 is the optimal

value of Problem LP given ~~ , then [T K , p K (S~~~) K , (SrT ) K J is a feasible

solution to the original Problem P1. The corresponding objective function value

in Pi is

~ (/ T K +

kr rk rk 0

This relationship may be used to define the upper bound on the value of Z for the

next iteration:

UB~~~
1 mm UB K

, F K 
~. [45 ]

A lower bound on the value of Z for the next iteration is

LB K+l Z~

since the value of Z is monotonically nondecreasing for successive ic — iterations .

Therefore, at the next iteration

LB~~~ Z ic~~ ~ UB~~~
1

and at the optimal solution

LB K Z K UB K .

The iterative procedure may be stopped when I T K , ~~~~~
, (SrA)K , (SrT ) K

provide a solution which is within ~ of optimality ; i. e., stop when

(UB~ ~ — LB ?C~~ ) . The true optimal solution is then known to be

~

V

~

V

~

V

~

V V V ~~~~~~ ~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~~~~~~~~~~ V V .



somewhere between the lower and uppe r bounds , In problems which converge

slowly, it may be prohibitively expensive to determine the optimum exactly.

The ability to define E optimality may therefore be a useful characte ristic of

this approach.

An Algorithm for Problem 01

Since tours are provided for vehicle , k, there arc a total of

K

~:
k-=1

bina ry variables in addition to the one continuous varible , / , in Problem ( t i .

The total number of combinations of N binary variables is 2~~. Howeve r, si n ce

each vehicle may use only one tour at level I in a te a suji le solution, there are

only
K

N~~ [I n
k~1 

k

feasible combinations. If complementary vehicle relationships and other net-

work constraints are imposed , the number of feasible solutions is less than N .

Standard integer programming codes could be applied to solve Problem 01 but

they would he forced to operate with the N solution space rather than that of N .

Additional binary variables would be required to re-express Z as a function of

integer variables , further complicating the problem . A special purpose , im-

plicit enu m eration algorithm was developed to exploit the structure of Problem 01

and provide an e f f i c i en t  solution procedure . Since Problem 01 need be solved

severa l ti m es in the process of solving Pro hl emn l~l , an e f f ic ient  so lu t ion

59
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procedure contributes to the overall capability of the decomposition approach to

solve transportation system planning problems.

The special purpose &gorithm operates in a manner similar to that of

Balas ’s implicit enumeration strategy. Balas ’s ( 1965) strategy, in combination

V 
with the enumeration logic devised by Geoffrion (1966) (see Taha (1971) for a

detailed description) forms the basis “or a number of efficient integer program-

ruing algorithms (see , for example , Piper (1974) ). Balas ’s strategy discovers

complete, feasible solutions which successively improve the objective function

value. Te obtain a complete solution, a partial solution , lf~ is iteratively

augmented by assigning a binary value to some variable not already in J~. The

procedure starts with an ‘optimal’ but infeasible solution and attempts to reduce

infeasibilily at each iti ’ration. If it is determined that no completion of 
~t can be

feasible or optimal (and after a complete solution is discovered), a new partial

solution is defined by a special backtracking procedure and the search for an

improved, complete solution continues. The strategy enumerates, either im—

V plicity or explicity, all feasible combinations of the variables so that it gua ran-

tees an optimal solution.

The algorithm developed during this study specializes Balas ’s strategy to

promote efficiency in five significant ways:

1. Assigning one k-tour to level 1 in J~ requires all other k-tours
as well as k-tours to be assigned to level 0 to invoke equations
[40] and [41]. Al gorithm logic imposes these restrictions
automatically, no feasibility checks (other than vehicle network
constraints, if any) need be m ,~ade so the algorithm essentially
searches only for improved solutions.
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2. The complementary vehicle relationships in equation 1411 pro-
mote efficiency in a manner s i m i l a r  to the cross branching
procedure described by Martin (1976).

3. Z is treated explicitly as a continuous variable so it is not
necessary to expand the problem to express Z as a function of
integer variables.

4. The single variable Z is used in lieu of the set of surplus vari-
ables employed by the Balas routine , reducing algorithm
complexity.

5. Vehicle and vehicle—tour set memberships are defined with the
objective of im proving run time efficiency .

A d etailed statement of the algorithm follows the discussion below which pro-

vides an o’ -en -j ew of the logic involved .

Before beginning to solve Problem 01 at iteration ~~~~, the ‘current best

solution t to 01, Z~ , is known to be CB~ as defined in equation f 4 5 t  ari d only

solutions which improve V
~
, need be e x a m n i n e ( l . The al gorithm uses an cl i  i e i e n t

bookkeeping procedure to invoke equations [40] and [- I 1 1 and determine wh i c h

ri Wles might best augment  
~ 

at the —iterat ion within 01. Before iteration

number one , all tours are assigned to the set and all vehicles to set \ ‘
,

indicatin g that no tours h~c c arcs associated with any negative )‘ ~-a lue s  ‘ r

equation [37]. Each tour in set Et has the same coefficient , 
~

‘r1c~~ 
in ~ll

Bu n ters ’ cuts , so the minimum cost TrI. is the best k—tour  amnong all ~— le u rs

in set This one k—tour , t~ic ‘ r -epresent :it  c ’ , may e c a  S i I \  I len I i~ i cii

is the , i l v  one r ’n ~ which may ntc r solut ion at iteration . :\ im v ut~~ I

C wou ld neeussa m ’ i lv  i nc rease  / over ti n -  l )we sL . It t a l n a ! i \ V V ( ~~ UV ~~~ 
g

the rc 1 r t ’ s e n t : ut i y e  tou t . V t is d e f i n e d  P r & u l i j u - i -  toti~’ n I k V n I i u I V I . 5 ! i i I  ( V I u& e I n ~ , L u n ~

IdI



At each successive K-Iteration, Trk ç Et , which employ any arc associated

with a negative 
~ qic defined by LP are upgraded from Et to N~~, the set of tours

which are candidates for use In 01 during the K-ite ration. Representative tours

are redefined if necessary.

At each j—iteration (within 01) tours eligible to augment the current pa r-

tial solution, J~, are selected from the list of candidates , N~ by culling any

tours which can be shown to be infeasible or non—optimal by Exclusion Test IL

It is assumed that K’ vehicles (K’ ~ K, depending upon the number of comple-

mentarity constraints) must each be assigned a tou r at level 1 to provide a com-

plete, feasible network design. Tours which would violate network constraints

may be excluded (assigned to set Dt) immediately. Defining W~~ as

W~~ = 
~ 

WtkK Trk for Trk ~

the right-hand side of each equation [4~I, which results from the current partial

solution is B~ 
+ W’~~. For each Benders ’ cut ‘c, the minimum cost addition to

complete a network design may be determined knowing Trk c ~~ 
K ’ , and

vehicle complementa rity relationships. Each tour Trk ç is tested in each

cut, K , using equation [46] to determine if its inclusion [plus the minimum

(WrkK~ W j~•~ ) for (k , k )  required to complete a network design ] would yield a

Z value greater than the current best, Z~ . Tours which could not improve Z c

even in this most favorable condition are excluded by assigning them to set Dt

for this j -iteratlon . A second component of Exclusion Test H makes a similar

check to determine if ‘k’ Trk~ and the associated minimum cost network completion
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would exceed the cost of using the com m ercial air mode exclusively, B0, de-

fined by Problem LP. Tours which could not yield a network cost less than

in this most favorable condition are also assigned to set Dt for this j-iteration ,

since they could not lead to a m inimum (system) cost solution in gene ra l , In

some applications , checking time may be reduced by identifying the ‘best’ tou r

f 
of a given length (number of arcs ) and checking conditions of step 1 ‘B/2 a nd

1 ~B - 3 for this tour first, if the best tour of the given length fails the test , all

tours of the given length may be excluded immediately. Tours which pass the

exclusion test are eligible to augment 
~ 

at level 1.

V The variable to enter solution is determined in step 2 by a heuristic pro-

cedure analogous to that used in the Balas routine . The parameter a forms a

linear combination (for each eligible T k ) of the sumn of “rk coefficients in all

Benders ’ cuts and its maximum coefficient over all cuts . Computational expe r-

ience should indicate ~a 1ues for a which provide hest run t imes.

V 

If (K’ - 1) vehicles are already assigned to level 1 in J
~ 

Exclusion Test

II and step 2/A are not used. Rather , step 2/B is used to determine the fe as ib le

k—tour which minimizes the m aximum right hand side of all Benders ’ cu t - . v i c i d -

ing a Z value of Z1). if < Z~ , an improved , complete solution has bc~ a dis-

co~ erc d and is recorded, if an improved network cannot be defined , t i m e  back-

tracking procedure is used to define a new

is augm ented in step 3 by addin g the entering variable , Tni~ ~ L I me

c- I c I t i i i  i - n t  in the i c m - i m i  I ’ as Is clone iii the Balas p r n c e m i u  Fe . It s

iim np l i e i t ly ~ wide rstooii that all other O ; m ~m m i i m  F I t ( V  1’rk (and I • -
~ 

b r  k a:m i re

(;3

~ 
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also augmented to J~ at level 0, between the old elements and the new addition.

This is accomplished by updating the set membership of the vehicles involved and

and, later , by the logic of the backtracking step.

The backtracking procedure in step 4 is invoked after a complete solu-

tion has been discovered or when it is determined that no completion of J~ can

improve Z~. As in the Balas routine, backtracking sets the rightmost positive

element of 
~t to 0 (by multiplying the element by -1) and dropping negative ele-

ments (if any ) to the right of this element. Set membership of k (and k )  is up-

dated appropriately to effect changes in the implicit elements of J~ at level 0.

The current best solution may be judged optimal in the backtracking pro-

cedure when all k-tours (for any k) are included as 0 explicitly.
1 This condition

indicates that all possible combinations of including all k-tours have been ex-

amined (implicitly or explicitly ) and further reductions in Z~ could be attained

only by excluding vehicle k, an infeasible alternative, if this k has a comple-

mentary vehicle, k must be reassigned to the set of candidate vehicles , V~~,

(k is assigned to a set of vehicles which cannot be candidates when a k—tou r

enters the solution at level 1) and the search continued until both k and k (for

some k and k ) have all candidate tours explicitly included in at level 0 , in-

dicating that all possible networks using either k or k have been (implicitly or

explicitly ) examined.

1Specitically, if no other vehicle has a tour at level one to the left
in J

~
.
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Step 0: Initialization

A. Initialize iteration t~ by defining the ‘ current best solution ’ as

UB~

and set J
~

= O , V~~~O, Vs
-C) , Vt

4
~~

@, N ( N _ E t ),

ye k I all Trk C Et } ,  V
t~~ 

(V - Ve), ~~ ~~~~~, 
j =

Complete vehicle networks which improve Z~, are now sought.

B. For the set of Yq’~’ < 0  defined by LP at iteration ( K  - 1), some of the

arcs , q, may not have been associated with a negative ‘V

value from a previous iteration, Remove all k tours from the set lit

which employ any of the q arcs with 
~

- —  < 0, q C T (k), and assign

them to the set of candidate tours, N~ . if k had belonged to the set ye,

e Cremove k from V and assign It to V~ . Go to step 1.

Step 1: Tour Exclusion

A . Exclusion I

1. if Et 
-
~~ 0, go to step 1/B , Exclusion H.

2. For each vehicle k which has tours in li
t . determine the tou r in F t

with the m m  (C ) .  This is the best possible k tou r in E t and is
r rk

called the representative k-tour , If all N tours c Ft. STOI , since

the vehicle network defined by the representative tours is optimal

(hut not practical 11 its cost is greater than B0), Otherwise , place

each representative k—tou r In set N 1 ,  If k ~ ye, place k in set

s imice the rep resentat iv  V is n o w a t a n t t  (date . (It the null Ic—tou r is

de f ined , it wi l l  always be the representative k—tou r. )

V- -
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3, Set j = 1 and go to step 2 since ‘~t

B. Exclusion II

1. Increment i (J i + 1). if only one more vehicle tour is required

to complete a vehicle network, go to step 2/B.

2. For each k ~ V~ , check all candidate tours (Trk 
ç N~~) to deter-

mine if Trk would violate a network constraint or if , for cut

K = 1, 2,...~

W >Z -B -w ’  - ~ I mm , , W —  ti . [46]
rkK C K t’( 

~~~~~ L T r k ? C N ~ 
rk K rk K I ]

k ’  fi~ Tr]~ 
C N~ (if any )

If so, remove tou r rk from and assign it to the set of excluded

tours, Dt, since including it in solution would either be infeasible or

would increase Z over the current best value, Zc• if this is the last

c c
k-tour C N~ , remove k from V~ and assign it to

3, For each k C V~ check all candidate tours (T rk C N~5 to determine

if

C k >B O 
- E C k T k - ~ mm 

~ ~Crk?~ 
Cri~ }

T kCJt k’cV~ L T rk~~~t
k’/~ T j~’CN ~ (if any)

If so, remove tou r rk from N~ and assign it to the set of excluded

tours , Dt, since including it would increase Z over B0. If this is the

last k-tou r C N~~, remove k from V~ and assign it to V i’.
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V 4. The set of tours T k ~ N~ for vehicles k C V~ are eligible to aug-

ment J ~ at level one, If N~ -
~ 0, no completion of ‘-

~~ 

will improve “
~~

•
~

set j j  ± 1 and backtrack by going to step 4. Otherwise go to step 2.

Step 2: Determine variable to enter at level one, if only one tou r is required
to complete the vehicle network , go to step 2/B; otherwise, step 2/A .

A. Entering tour will not complete the vehicle network.

1. The tour to enter solution at this iteration Is the tour , T * , for some
rk

k ~ V~ and some T k C N~ which provides the

T C N ~° 
a 

~ 
W
k]  

+ (1 - 

~~
) [max W k~~

in which a is a parameter 0 ~ a ~~1. if ci -
~ 0, the tour which adds

the least to any cut would enter; if a I , the tour which has the

smallest sum of cut coefficients would enter.

2. Go to step 3 to augment J ~ with the tou r T*
k .

B. One tour is required to complete the vehicle network.

1. For eligible vehicles (k C V~ ) select the tour T *
k 

from the

Trk ~ N~ which violates no network constraints and which pro-

vides the

min Z —
~ mm max (B + W ’  ) + W

Trk C N~ 
K L c tic rk~

2. If Z >  Z or if no T 1 is feasible with respect to the network con-

straints , go to step 4 to backtrack since no comnp let ion of i~ can

i m nj )  r )\ - e the ~-a luc’
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3. If Z Z , go to step 3 to augment J~ with the tour T*k .

Step 3: Augment 
~t by adding T~ at level one.

A. Updates

1. Assign T *k 
as the rightmost element of

2. Update W~ VK and C .

3, Remove k from V~ and assign It to V~. If k C V~~or if k ç

remove and assign it to V .  Remove T * from N~ .
t rk

4. Assign all k ~ V d to v~ and set = 0.

Assign all Trk ~ Dt to N~ and set Dt =

B. Continue implicit enumeration.

1. Ii the vehicle network is not complete, go to step 1/B .

2. If the vehicle network is comPlete,Z~ will be ~ Z~ . Record the

solution and set Z~ = Z~~. Go to step 4 to backtrack.

Step 4: Backtrack
R

A , Find the rightmost positive tour in the vector ~~ Trk . If there arc

negative tours to its right , delete them from and reassign them to

If the associated k had belonged to \~~~~, reassign it to V~ .

B. If there are candidate k-tours not in J~, go to step 4/C. If all

candidate k-tours are in 
~t and if there are no tours at level one to

the left of T~~~, go to step 4/ 1). If all candidate k-tours are in J~ and

If there is some tou r at level one to the left of T~~ , multiply T~~ by -l

and go to step 4/A.
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C. Backtrack . Mak e T~~ negative to specify that the tour Is included in

at level zero, Remove k from Vt and assign it to V~ , if 1~ C V~~,

remove it and assign it to V~ . Go to step 1/B to begin another iteration. I
D. Optimality Conditions. If k has no complementary vehicle , STOP; since

the optimal solution has been identified (all k tours have been fathomed). -

if k ç y~ also; STOP, and, again, the optimal solution has been identi-

fied. If k ~ V~ , assign k to V ’, remove k from Vt and assign it to

make T~~ negative to specify that the tour is included in J~ at level zero,

and go to step 1/B to begin another iteration.

69

- — - - -
~~~~~

- -. -- -- - V- - - ----- — ---



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_

LI-iL PTER V

TOUR CONSTRUCTION

In many applications, particularly in cases involving a large number of

points, it may be difficult to predefine a limited number of tours to make avail-

able to Problem 01. In fact , in most applications, it may be prefera l~1e to con-

struct tours using an appropriate model formulation and solution algorithm .

Possibilities for tour construction are exam ined in this chapte r.

A basic requirement of any tour construction approach is the definition

of som e network over which vehicle tours may be determined. Figures 9 and 10

depict characteristics of one type of network which may be used to define tours .

A simple case involving two complementary vehicles and a set of points is shown

in Figure 9. Each actual point, i, appears in each vehicle subnetwork coded as

point ik. Should more than one visit be allowed to point i in subnetwork k, a

number of ‘dummy ’ k-points need be defined to represent the possibility. Fig-

ure 10 indicates a device used in the form ulation to constrain the number of

visits to each ik point to be at most one, in general, the network to define tours

may be formulated as a shortest path problem , or , as shown In Figure 9, as a

flow circulation problem . Since the number of vehicles required to define a

network is one ( K ’  = 1) in this example, one unit of ‘flow ’ circulates through

the network describing either a k or a i-tour from dummy orIgin , 0, to dummy

term ination , 1’, and retu rning to 0 along the return arc (T , 0). The network
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concept may allow a ~Variety of logi cal network constraints to be defined to model

actual requirem ents in a particular application.

The distinction between the multiple-vehicle routing problem and the

transportation system planning problem is made evident in the flow—circulation net-

work , in the former problem type, each (actual) i-point is represented in each

subnetwork by a single ik-point and each i-point must be visited once and only

once in all K’  subnetworks combined . If only one vehicle be used , a traveling

salesman problem must be solved to determine the m inimum cost flow (path)

from Ô to T which is constrained to visit all ik-points , In the transportation

system planning problem , not all ik—points need be visited by a feasible k-tou r ,

and som e i-points may be visited more than once. Hence , the minim um cost

flow path from O~ to is sought, and the points visited on the tour are not

predetermined,

Three strategies by which the tour construction approach may be imple-

V mented are examined in this chapte r. An implicit enumeration approach is de-

scribed first , An alternate formulation permits use of efficient LP procedures

in a branch-and-bound strategy discussed in the second section . Finally a strat-

egy to construct tours by solving a simple flow circulation problem is considered.

An Implicit F n’ime ration Approach

The prim ary (binary ) variable in any tour construction approach must be

one defined as

- I if vehicle k traverses the arc from point i to point
(I , ~, and k are imp i icitly related iw the Index il),

0 oth& r’,v ise ,
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This variable bears a close relationship to the binary variables used in

Problem P1 since

T [47]q r _ Tq (k) rk

for the appropriate k. The cost of a vehicle tour may be defined in detail using

the new variables:

Crk = ~ Cq a q + Ck (1 Tok)
q~ Tq(k)

in which the costs of traveling from i t o  j and of servicing point j are included

in Cq and fixed , investment-type expenses for vehicle k are represented by Ck.

Combining the flow circulation concept and the new cost function , the

transportation system planning problem may be formulated as shown in Figure 11.

Problem P2 is equivalent to Problem P1, which was examined in the previou s

chapter.

Material flow constraints given in equations [49] to [52] are the same as

those used in Problem P1 with one except ion. The right hand side of each vehicle

arc capacity constraint (equation t511 is now defined with respect to 
~q rather

than Trk variables using the relationship noted in equation 47] above.

The remaining constraints-—equations [531 through [59 1—-impose the flow

circulation concept to construct tours. Practical lim lations on tour length are

represented by equation [53]. In some app licat ions , more complicated constraints

may be required , for example , to place lowe r l imi t s  on tour length as well , or to

allow tou r lengt h to t a l l  in one of severa l feasible ranges. Equations 511 and (55]

allow each ik-point to he visited at most once, imposing the form shown In
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Problem P2:

Mm f [ ~ ~ ~~(t) + ~ C rA rA 
~ c rT s rT

mscl L L -~i ~ msd rnsd rnsd rnsd IflS(I iTls(l

Q K
+ � 2 C a  -t � C ( 1 - T  )

q 1  ~ q k=1 k ok

Subject to:

Ship Time Standards

T 
(t) 

~ ~ (t) 
+ ~ f (T A srA 

+ T 
T 

~
rT ) ~ T£. msd L msd msd msd msd msd inmsd

m~1, 2,,.., M [49]

Transshipment Point Capaci~~

~~~ 
t f ~~5~ P~~ ~ b~~; i~ 1, 2 , , , ,,  I 150 1

Vehicle/arc Capa~~~~

L

~~~~~~~ ~~~~~~~ 
PL

(t) 
~ i) q~~q ; q 1 , 2 , . , . , Q  [51]

Ship Requirements

~~~~ 
~~~~~~~~~ 

P~~ + S
~~~d 

+ 5rnsd 1. 0 ; ~ msd [52]

Tou r Time/Distance Length Limit

� d a d ; k 1 , 2, . . , , N [5$]
q~ 

Vl~~(k) 
q q

Figur e 11 , --Alternate Formulation of the Transportation ~vstem
Planning ~l ( f lk ’ l
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Problem P2: (Continued)

Flow Into Point ki

a - ‘I’ik 0 ; V ik 154 1
q€ E~(k) q

Flow Out of Point ki

— 0 ; k ik [55]
~ q t B~(k) q

Complementary Vehicle Relationships

Tok ~ T~~ 1 ; for appropriate k , i~ [56]

Vehicle Network Constraints

As required in a specific application to defin e the most
appropriate network flow problem , and to im pose the
logical structure of the network; i. e.,

Tok — ~ - a -
~ 0 ; k 1 , 2, . . . , K [57]

q E B
0

(k) q

Lower/ Jpper Bounds on Flows

0 _ a q 1; V q

0 
~ 

‘
~
‘ik ~ 1; Vik

O~~~~Tok~~~~l ; V k  [5~ ]

Non-negativity and Integer Constraints

1~ t) , SI~~d, ~~~~ 
0 ; V2, msd

~ ik’ Tok 0, 1 ; V q, k [~9 1

Figure I 1 ~( ‘onti mm e d) V
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Figure 10. if an arc incident to point ik is placed on the k—tou r, these con—

straints assure that some arc leaving point ik will also be placed on the k-tou r.

A connected path from to Tk will therefore be defined. No subtours allow-

ing flow to circulate amongst a set of k-points not on this path will be permitted ,

since that additional flow would only increase costs and would therefore not be

optimal. (This type of problem is encountered by the subtou r elimination ap-

proach to the traveling salesman problem and is discussed in Chapte r II. )

Complementa ry vehicle relationships may also be used in this formula-

tion as shown by equation [56]. Additional network constraints important in a

particular application m a y  also be added according to the ingenuity of the anal yst.

In particular, logic required to use the flow circulation strategy must be invoked

by constraints such as equation [57], which essentially allows the variable Tok

to be defined , indicating whether or not the null k-tour is used in solution .

Lower and upper bounds for flows on each arc in the conceptual network are

stated in equation [581, and correspond to the concepts described earlier.

Problem P2 is also a large—scale , mixed 01 integer , linear program-

ming problem which may be reduced to two more simple , interacting problems

by applying the concept s of Benders ’ decomposition. The resulting linear pro-

gram, Problem L1~’, is stated in Figure 12. LP’ is the material flow component

and is the same as Problem LP with the exception that the right hand sides of the

vehicle arc capacity constraints (equation [( i3] ) are now stated in t erms of the

i nstead of th e Trk A par t icular  network design is communicated to I P’ by

the set of va lues  assi gned to the binary variables a~1. In turn, L1~’ feed s back
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Problem LP’ :

Mm 
~msd 

[~~~~~~~~ 

~~~ 
pit) + 

msd m
~~ 

S
~~~d + 

m d  
C
~~~d 

Srn~d] 
[60]

Subject to:

Ship Time Standards [ Associated
Dual Variable

~~ €~~L (m) 
T~ t) 

~msd 
p () + 

msd ~msd (r
A

d S~
A
d ~~~~

T rT+Tmsd 5msd~ ~ 
1m m~1,Z,..., M a

m [61]

Transshipment Point Capacity

L
\‘ t f p (t)~~~~ - 2it msd L — 

‘...‘ f3~ 
[62]

Vehicle/arc Capacity

~~ V aq~
f
msd I~~

) 
~ bq[~~q] ; q - -1 , 2, . . . , Q  Y q [631

Ship Requirements

L
(t) rA rT

2~ i ~~~~~~~~~~~~ 
l?L ÷ 5msd + Smsd 

= 1.0 ; Vmsd [64]

Non-negativity Constraints

(t) rA rTP
L , Smsd , Smsd 0 ; vL , msd

Figure 12 , -—Problem LP’
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information concerning the efficacy of the network design by adding a constr aint

to Problem MP using the optimal values of the associated dual variables.

The interacting integer program, l~roblem MP , which consists of the

flow circulation constraints augmented by the Benders ’ cuts, is stated in

Figure 13. As in Problem 01, the ‘
~q?c are non—positive and B,~ (as defined by

equation [38]) is non-negative. Since a feasible solution to LP’ is guaranteed by

the assumption that exclusive use of commercial air transportation is feasible ,

only cuts of the form in equation [66] are necessary.

Problem MI~ makes evident a network structure which may be used to

develop an efficient , implicit enumeration algorithm based on the Balas-type

strategy . As in the algorithm developed to solve Problem 01, the theory of

Benders ’ decomposition provides an initial uppe r bound on the solution to M1~.

Furthermore, most constraints may be invoked by algorithm logic rather than

time consuming search; the variable Z may be used to evaluate the optimalitv

of a solution , treating it as a continuous variable and circumventing the need to

add asurplus variable to each Benders ’ cut, Tou r length constraints may be in-

voked easily. Branching m a y  be accomplished according to the set of vehicle

a rcs which depart from the last point on a partial tou r, which m a y  be constructed

by beginning at point 0 in Figure 9 and progressing toward point T in each vehicle

subnetwork ,

79

- -~ --——~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~  -~~~~~~~~



—
~I,

Problem MP

Mm Z [65]

Subject to:

Benders’ Cuts

Q 
- 

K

Z~~~
q
~:
1 
(C q

_ b
q~ Yq~ ) q~~~~~1 k o k K

IC =1, 2, - , ,  ,~~~ [66]

Tour Time Distance Length Limit

~ dq~~q 
ak k 1 ,2,...,K [67]

qETq (k)

V 

Flow Into Point ki

~ a~ - 

~
‘ik 0 ; V 1k [68]

q€E~(k)

Flow Out of Point k i

— ~ = 0 ; V ik [69]
1 q EB~(k) 

q

Complementary Vehicle Relationships

TOk T0-j~ -
~ 1 ; for appropriate k, i~ [70 ]

Vehicle Network Constraints

As required in a specific app lication to define the most
appropriate network flow problem , and to impose the
logical structure of the network; i. e.,

TOk~ ~ 
~q 

-
~ 0 ; k l , 2 , , , . , K 1711

q I~Q(k)

Figure 1 :3, — — 1  ~rohle ni M P
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Problem MP: Continued

Lower Upper Bounds on Flows

0~~~~~q~~~~1 ;  V q

0 
~~~ ik~~~

1 ~ ik

0 
~ 
TOk~~ 

1; V k [ 72]

Integer Constraints

aq . ~ ik’ Tok - 0, 1 ; V q, k, ik 173 1

Figure 13. --Continued 
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A Branch—and-Bound Approach

The column generation technique developed in Chapter III to solve the

material flow problem is , from one viewpoint, merely one way to define the

elements in the column associated with the next (continuous) variable to enter

solution in the linear program. Anothe r view of the procedure reveals that it is

an eff icient way of assigning values to a large number of b inary variables: aqL.

t1~, and Xit . Since this set of bina ry values must satisfy a set of feasibility

conditions , the column generation procedure solves an integer program in the

course of determining the level at which a continuous variable will enter solution

in a linear program. With this idea in mind, it seems that an efficient tou r gen-

eration procedure might be developed by formulating an appropriate model and

using simple subproblems (such as shortest path problems) to generate tours

with out solving a large integer program directly. One model formulated in the

attempt to effect this strategy appears in matrix form in Figure 14.

Constraints of the type in equation [75] impose vehicle network logic-type

constraints, complementary vehicle relationships, and tour length limits. Equa-

tion [76] constrains each tour to vi it each point at most once (multiple visits could be

permitted by defining another ‘dummy ’ point to represent, for example , the

second visit to one point), The entire model represents the intege r subproblem

resulting from Bende rs ’ decomposition and equation [77] imposes the Benders ’

cuts . Final ly,  eq ua t ion  I 7~ 1 states that each vehicle may .  t raverse at most one

tour . Relaxing the requirement  that the Trk need by binary ,  the problem h e c o m n t s

a l i nea r  program which has exactly the structure of the material  flow problem .

~
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Mm z [7 4 ]

Subject to:

IS~~ + A T  ~e [75 1

IS~ -
+ A T  1 [7”J

IR ’~ - is13 ÷1 z ÷ [c_ i~~] T = B [77]

RK 
+ ~~T 1 [78 1

Figure 14. --Tou r Generating Linear Program



Equations [78] are of the Generalized Uppe r Bounding type, logic con-

straints are analogou s to the ship time standards, equations [76] are essenti-

ally the same as the vehicle arc capacities , and Benders ’ cuts correspond to

transshipment point capacity limitations. The GUB and column gene ration pro-

cedures described in Chapter III could be applied directly to this formulation.

Tours would be generated as desired; i, e, ,  as a by product of determining the

entering variable . The difficulty posed by this formulation is that the program

could assign some level to Trk between 0 and 1 so that several k-tours might be

in the optimal solution of the linear programming problem simultaneously, each

at some fractional value. Such a solut ion would have no practical meaning.

However , this model and approach would be efficient timewise. The

relaxed version of integer problems is commonly used to give some indication

of the solution; or , at least, to provide a bound for the optimum value of the ob-

jecti ve. Binary values would not be guaranteed to result from the linear pro-

gram since the constraint matrix is not unimodular (unimodularity is shown to

be a sufficient condition for integer solutions to resul t from application of the

linear programming procedure by Hu (1969) ). However , computational expe r-

ience might show that integer solutions are obtained routinely. Alternately,

solutions which might be rounded (say, by some heuristic procedure) to ‘very

good’ integer solutions might be attained.

In fact , it is possible to improve computational efficiency even furthe r

by app lication of an additional large—scale programming technique . Blocks of

constraints each representing l imi ta t ions  on a specif ic  v e h i c l e  may he identified
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in the model presented in Figu re 14. The set of Benders ’ cuts and certain

logical relationships which relate several vehicles may be viewed as coordin-

ating constraints relating vehicle tours. This structure may be solved effici-

ently by Dantzig-Wolfe decomposition, or by an extended \Version of the GUB

method which treats such block—diagonal forms (see Lasdon , 1970). Both of

these methods would maintain a B ’ for each vehicle block, rather than for

the entire constraint set and would thereby improve storage and run time effic-

iency. At each iteration, a new tou r for a single vehicle , rather than a set of

tours for all K’ vehicles, would be constructed by the column generating pro-

cedure. In any event , the approach might be used to generate tours used in the

first few , —iterations to develop a set of Benders ’ cuts which, upon application of

the integer programming algorithm, might lead to an optimal solution rather quickly .

A lte rnately, and preferrably, the linear integer program in Figure 14

could be solved using a branch—and-bound procedure such as that devised 1w Land

and Doig (1960), and Dakin (1965). Forrest, Hirst , and Tomlin ( 1974) describe

efficient techniques for solving large—scale mixed, integer linear problcn~s of

this type. The branch-and—bound strategy, in combination with the efficient  pro-

cedures applicable to the linear program , appears to offe r an efficient approach

for solving this intege r problem directly.

Tour Construction Via Flow Circulation

Problem M P provides an (apparently) compact model b r  solution by

imnj ) I Ic i t  enu tue ration since It ident i  I tes Ica sih i l  ity conditions which mu ight In

~ 
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checked rapidly, in addition, the model suggests the opportunity to construct

tours using very efficient network flow subproblems .

The set of feasible solutions to Problem MP (and hence the optimal

solution) is a subset of the feasible solutions to the straightforward network

flow problem (i.e., ( a  T ) cii A ) defined by equations [681, [69], and [72]._q —ok — —

A procedure which searches efficiently among these extreme points would there—

t,~ve appear to be well worth evaluating. Several possibilities exist.

A modest amount of research wh ich develops procedures fo r invok ing

constraints by formulating them as components of the objective functions has

been reported in the literature: Anthonisse (1973), B radley (1971), Glover and

Woolsey (1972), Kendall and Zoints (1977). The procedures all remove an equa-

tion from the constraint set , multiply it by some (numerically large) integer and

incorporate the resulting function into the objective. Some of these procedures

ope rate on constraints two at a time, a policy which could be implemented

effe ctively for the current problem , since Benders ’ cuts are added one at a

time. The integer multipliers must satisfy certain conditions (pa rticularly that

they be relatively prime with respect to each other) to assure that the under—

V 

lying constraint s are , in fact , satisfied by the optimal solution to the substituted

problem. The procedures are distinguished by the conditions each establishes

for selecting specific values for the integer multipliers. The diff iculty which

none of these procedures has overcome is that the multipliers must increase in

numerical value for each successive constraint incorporated into the objective .
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Consequently, the multipliers must be assigned enormous--in fact computation-

ally prohibitive- -values when more than a few constraints are involved.

This approach would be usefu l if the optimal solution to Problem P2

could be identified after augmenting only a few Benders ’ cuts to MP (in the

absence of tour constraints such as equations [53] ). It is expected that the

number of cuts required to identify the optimum in problems of modest size

would be on the order of 10-15. This is still more than the four-to-s ix con-

straints which may be handled effectively by available procedures of this type.

However , this tactic would be successful for solving MP at each of the first

few IC—iterations . After relegating constraints to the objective function ,

V Problem MP reduces to a simple network flow problem for which a numbe r of

V very efficient algorithms are available (for example, see Fulkerson (1961),

Durbin and Kroenke (1967), and Bradley, Brown, and Graves (1976) ).

An alternate approach would apply the Lagrange multiplier technique to

incorporate equations [66] and [67] into the objective function. Everett (1963)

published the first application of Lagrange multipliers in solving integer pro-

grams. Brooks and Geoff n o n  (1966) developed an efficient means of imple-

menting Everrett ’s approach using linear programming. Nemhauser and

Widhelm (1971) formalized and extended this work , Others , including Geoffr ion

F ( 1974) and Shapi ro (1971 ), have contributed to the development of th i s  approach

to intege r programming.

Application of the Brooks/Geoffrion approach to Problem M L  y ields

Problem BG in Figure 15. The objective of PG is to minimize a convex corn-

binatlon (see equation 179 1 ) of the ‘I. (objective values In MP i  which result f rom

L --- ---- - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _  _ _
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Problem BG:

J
Mm Z (Z3 ) A- - [7 9]J

Associated
Subject to: thai Variables

2 = 1 
~ o [80]

j =1

~~~~~~~~~~~~~~~~~~~~~~~~~ 
T~~ l~~~~~~~~~~

0
~~] 

B~~; -

l~ 11

J

.

~~~~ 
[ 

>~ dq~~~~ ~ ~ 
; k~ 1, 2, . , . , K 

~ k [8 2 ]
J=l q c T q (k) J

� 0 ; j 1 , Z, . . ., J [831

Figure 15. --Problem BG 
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each of the J feasible extreme points (vehicle networks) of MP; that is for

each ( .~ q. 1ok~ ~~~
. ~~ 

where the set ~ is defined by equations [68] through [73].

Equations [811 and [82] assure that the ~~~~. multipliers generate solutions which

are feasible with respect to equations [66] and [67] in MP. BG Is a linear pro-

gram in the continuous variables. The purpose of BG is to generate optimal

values of the Lagrange multipliers for MP. These multipliers are, in fact, the

set of ~ c~~ 
and 

~ k variables which are the Simplex multipliers in BG.

The relationship of this approach to the current line of Investigation is

evident upon considering the criterion which determines the entering colum n

at each iteration of the Simplex method applied to BG. The criterion to identify

the best column to enter solution (mm ‘~c~ - Z.”< 0) Is

I
min1Z~ _ {~

+ 
~~i[ 

- 

q~l 
(Cq

_ b
q I 

~ qK I

- 
k=1 

C
k 
(1- T

~k )] ~~c + 
k~1 

[ 
~~~Tq(k) 

dq~~~
] ~

k~~
} 

<0

which may be expressed for closer scrutiny as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 

k~1 
C
k (1 - T J

k ) ~~ 
- < 0  [84]

This criterion evaluates the ~th extreme point, ( a ~ , T~~ ) J A , as a

candidate to enter solution to the linear program, BG, given the current values

of the Simplex multip liers: 
~ 

, and 
~ k• The constant term, ~.i and all

II



terms involving ~ J and T~~ may be viewed as defining the objective function

for a network flow problem defined on the set of extreme points, A . Over-

looking one difficulty which is discussed below, this approach would solve MP

very efficIently by solving BG, a linear program, using a network flow algorithm

to generate entering columns as in equation [841. At the optimal solution to BG,

optimal values of the Lagrange multipliers ( 1J. 0, I~
L K, and 

~ k ) are known. The

vehicle network generated by these multipliers is the optimal solution to MP

at this K-iteration.

The difficulty which hampers this tactic is the term involving Z) in equa-

tion [841. As noted in equation [66], Z~ is determined as a function of the

(
~~~. b k  ) vector evaluated by all ~ Benders’ cuts. It is the refore not a term

which may be related simply to a single arc in the network flow problem as all

other terms in equat ion [84] may be. There is, therefore , apparently no simple

network flow subproblem which may be used in the required column generation

procedure. The summation involving the ~ K could be restricted to equal 1. 0 and

cause the Z3 term to be eliminated so that the network flow subproblem could be

used as a column generator. However, research efforts have not identified con-

ditions which support this as a legitimate restriction.

A second difficulty may be encountered using the Lagrange multiplier

approach. Problem BG may have an optimal solution and therefore a set of

associated, ‘optimal ’ Lagrange multipliers . But these multipliers might not

genera te the optimal vehicle network for Problem MP. This ‘gap’ phenomenon

is incu r red when It is not possible for the Lagrange multipliers to generate the
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r ight hand sides (resources) of the associated constraints. In such cases, the

approach fails to define the optimal solution to MP. The literature does not

record computational experience which would allow one to develop an expecta-

tion of the likelihood of the occurrence of ‘gaps’ in the current problem.

Nemhauser and Widhelm (1971) discuss this problem at length and suggest a

means of detecting gaps. Their approach is more sophisticated than the

Brooks/Geoffrion method applied above, but it introduces nonlinear relation-

ships which would complicate solution of the transportation system planning

problem.

In any event, BG could be used to solve MP if the criterion in equation

[84] could be defined by an efficient procedure. In the absence of an optimizing

procedure, the formulation could be the basis of a number of heuristic proce-

dures which could be devised to define an objective for the network flow sub-

problem. Since problems of this type may be solved very efficiently, eve n

heu ristics which require solution of a large number of network fl ow problems

(in identifying the best MP solution at the K -iteration) would be practical and,

perhaps preferable to the implicit enumeration procedure described In the pre-

vious subsection. A heuristic procedure which identifies ‘good’ solutions may

be useful in generating ‘good’ Benders ’ cuts using LP’. That is, even though

the network supplied to LP’ is not truly optimal in MP at the current ic - ite ration ,

it would allow LP’ to furnish additional information to MI~ (in the form of the

Bende rs’ cut added at the next iteration ) to progress toward the optimal solution.

The optimizing routine using the implicit enumeration strate~~’ m a y  then be

91
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required for the last few iterations. Total run time may be reduced appreciably,

but computational experience is necessary to estimate computation time required

for problems of realistic size.
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CHA PTE R VI

CONC LUSIONS A N]) RECOMMENDATIONS
FOR FUTURE RESEA RCH

Conclusions

The transportation system planning models developed during this study

appear to be capable of incorporating a number of considerations important to

the design of actual systems. In general, this study contributes to early work

on the class of problems which require a network to be synthesized to satisfy , in

an optimal maimer, a set of conditions concerning the network operation. A

large number of scheduling and vehicle routing type problems may be shown to

be members of this class.

In particular, the formulations presented in this report are capable of

imposing important operating requirements concerning ship time performance

which may be used to evaluate the potential effectiveness of a transportation

plan in a large-scale logistics network. In addition, the approaches developed

are capable of solving problems which involve symmetric distance matrices, a

condition which precludes the use of most procedures designed to solve the more

simple, multiple-vehicle routing problem.

It Is expected that the material flow problem described in Chapter III

will be useful in a number of practical applications, even though it does not

provide a mathematically optimal system design. This expectation Is based on

the observation that much of the recent work In ope rations research is directed
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toward providing tools of analysis which may be used to augment human judgment

rather than replace it with inflexible requirements Imposed by mathematical

necessity. In complex logistics systems, it may be difficult , if not impossible,

to make explicit all constraints and operating considerations important to the

ultimate system design. Use of the material flow model permits this type of

flexibility while providing an efficient solution procedure based on concepts

known to be efficient computationally in prior studies.

The optimizing method presented in Chapter IV provides the capability

to determine a mathematically optimal solution in problems of modest size , and

may be used to indicate a refe rence system design which might be further modi-

fied as desired by managerial judgment. The approach does not appear to be

severely restricted by the need to identify likely tours for inclusion in system

design, since it is expected that such tours could be readily identified in most

practical cases. The algorithm which enumerates all feasible tours extends

capability to solve all problems of modest size. The proposed solution approach

which includes use of Benders ’ decomposition and an implicit enumemtion algo-

rithm based on the Balasian approach is expected to be efficient , since 1)0th con-

cepts have proven computational ly attractive in numerou s prior applications .

The greatest potential for algorithm autonomy is presented by the tou r

construction approaches described in Chapte r V. Identification of the material

flow-circulation fo rmulation of the network design subproblem provides a basis

for making feasibility checks and could be used to devise an efficient , implicit

enumeration solution strategy. Several approaches (constrain t aggregation and
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Generalized Lagrange Multipliers) which might be applied to simplify the net-

work design subproblem to a straightforward flow-circulation problem were in-

vestigated but do not appear to offer general computational advantages. An

alternate model by which tours could he constructed using linear programming

routines in a branch- and-bound algorithm provides a viable approach. Contin-

ued study and evaluation of this line of Investigation appears to offer the poten-

tial for determining mathematically optimal solutions to planning problems of

considerable size.

Recommendations for Future Research

The most pressing needs at this time are to computerize the algorithms

developed during this study and to evaluate their effectiveness in solving actual

problems. A great deal of work in this direction has already been accomplished ,

but the limitations imposed by the current minigrant have precluded complete

implementation of the computer program under development. However, it is

believed that the objectives of the minigrant were fully accomplished. Expecta-

tions of computational efficiency (based on the experience with concepts proven

successfu l In many other applications) appear sufficient to conclude that the

approaches developed for the transportation system problem will also be found

satisfactory runtimewise. An outline of the existing computer program and

its capabilities Is given in Appendix G.

In most practical applications it is important , not only to provide an

optimal solution, hu t also to he able to answe r a vari ety of ‘what i t ’  questions En

a sensi tivity analysis designed to promote understanding of system operation.
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The approaches developed during this study are readily amenable to such exten-

sions. A full range of such capabilities should be Included in any program used

in an actual design situation.

Capability to formulate the complex systems planning problem and apply

efficient, large scale programming techniques should stimulate study of a range

of related and extended problems. For example, the related problem which re-

c~iires minimization of (weighted) ship time subject to a total system cost re-

striction involves a minor change in model formulation and implementation of

a modest number of changes in the solution procedure. This problem Is also

important to the Logistics Command which must ultimately provide the best

level of service possible within the funding level appropriated by Congress.

Extended problems of this general type might Involve, for example, assessment

of the A LC stocking-point location policy, or evaluation of the location of vehicle-

maintenance facilities.
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A S ummary of Current AFLC
Operating Procedures

( from the minigrant  proposal)
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The Air Force expends over f o r t y  million dol lars  annual ly

to operate a dedicated air transport network called Logair

and an addit ional thirty million dol lars  f o r  t r ansporation

on commercial modes. Even though most of this expense is

incurred to provide premium (air) transportation , there is

no guarantee that the Order and Ship Times (0 & ST) experienced

are the shortest possible. While shipping time may not consti-

tute the bulk of 0 & ST. it does represent the portion which

is most difficult to optimize from a systems viewpoint.

Transportation has a s i g n if i c a n t  impact on the log istics system

not onl y through direct costs but also f rom the inventory invest-

ment and operational readiness ramifications of the service

level provided .

Material  is tra nsported amongst CONUS ins ta l la t ions using

cominerical modes (such as UPS , Air F rei ght , and truck ) and the

extensive air transport network , Logair , which is contracted

especially for Air Force needs. Decisions to ship via a com-

mercial mode ar e made on an ad hoc basis within general guide-

lines provided by the Air Force policy . A shipment is eligible

for premium transportation on Logair if criteria specified by

management policy are satisfied .

The inventory sys tem , w iich gives rise to transportation

requirements , is composed of two c’~ helons:  the first level is

distributed amongst user bases and the second level ~or each

item is located at. a single point. t~’ive Air Logistics Centers
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(ALC ) in the CONUS provide world—wide support at this second

echelon. Each item is stocked at only one ALC. Furthermore ,

depot level repair for an item is located at the same ALC .

Several general types of shipments result from this inventory

structure.

Investment items probably constitute the bulk of ship-

ments which require premium transportation on Logair. By

definition , these items arc so costly that t epair is econorni—

cally justified in lieu of replacement upon failure. An

investment item may be repaired at the local base or , if nec-

essary, returned to the depot at the appropriate ALC for

maintenance. In the latter case , the base would requisi t ion

a replacement from the ALC so that the base mission would not

be impared by the reduction in the number of items on hand.

This procedure corresponds to an (s—l ,s) inventory policy .

On the average , some number of items will be in the shipping

pipeline from base to ALC and vice versa. Reductions in

shipping time therefore have a pr oportional in f luence on the

number of spares required to support a weapons system . Since

investment items are expensive , premium transportation is

ju st if ied to provide expedited shipping times in order to

reduce total system cost.

Less experisiv i L  ms 11  e cont oiled by an economic u~ dei

qu iriti t.y ( EOQ ) invent. t y p licy md ~i e not i epa it  ( ‘d upon

failure. Base stock is r eplenished by U1 i cing  in EOQ LO—

quisit ion  )f
~ th~ H 1 opl id ! ’  ALC . Mana e n , nt pc)1 icy pr oVidk
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su f f i c i e n t  safe ty  stock to accommodate longer shipping times

so that more economical ground transport on commercial modes

may be used. However , random demand patterns and other factors

may make it necessary to upgrade the urgency of a shipment ,

making it eligible for air transportation.

A variety of factors may precipitate critical situations

in which a weapons system would become inoperative (NORS

for example) if highl y expedited transportation is not pro-

vided . In this sense , the transportation system is rel ied

upon to compensate for  complications which might arise f r om

other aspects of the logistics system . Lateral support capa-

bility (base to base resupply ) represents an example of such

f lexibi l i ty a f f orded by Logair .

Additionally , special shipments are made on Logair since

the dedicated mode provides certain f lexibili t ies not typically

provided by commercial modes. Classified shipments , explosive

and haza rdous material , and outsize cargo may be shipped on

Logair for economic and managerial reasons.

In  all cases , the individual  requisi t ioner assigns a trans-

por tation priori ty to the shipment. This priority directs

transportati on personnel to provide either g round or ai r service

and specifies a stand srd time within which delivery must be

made.

Shipping time is therefore the p rimary measure of perfoi—

mance for the transportation system. But costs must be controlled
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at reasonable levels. In general , the cost of shipping de—

creases as the quantity shipped increases. For example , a

full truck load (FTL) may be transported at a rate per ton—

mile which is s igni f icantl y less th an that which woul d be

incurred by several less than truck load (LTL) shipments.

Additionally, FTL shipments may provide better service time

since cargo is not tiansferred amongst vehicles.

An optimal transpu i tation plan should evaludte economics

which might t esult from accumulating individual shipments at

certain points in the network in order to achieve overall cost

reductions from increasing vehicle utilization and promoting

use of vehicles of suitable capacities . While service level

may be improved under certain conditions , a time penalty for

diverting shipments to permit aggregation would b~’ incurred

in most cases. The optimal plan must therefore achieve a

balance between shipping time performance and system cost.

Vehicles which operate on a fixed schedule in a dedicated

mod’ incur total costs which may be independent of utilization .

Therefore , once a dedicated mode is established , shipments

should be consolidated to achieve maximum vehicle utilizatiu~.

• and to avoid additional costs from shipping by other rnod’~~.

The Logair cost structure includes mileage charges and a fc~

for each landing so the cost is independent of cargo carried .

Non—air eligible cargo may be carried at times to improve

aircraft utilization and avoid extia rusts of shipping the

material on a commercial mode.
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The Logair network is designed with the objective of

providing the service level advantages of a dedicated mode.

The network is s p e c if i e d  by A F LC p ersonnel to accommodate the

requirements of CONUS installations. Requirements are fore-

cast by each installation and submitted for AFLC use. The

curre nt design process does not expl ic i t ly  consider shipping

time requirements; only total transportation capacity needs

are evaluated .

The network , as historically designed , consists of trunk

and feeder routes. Efficient , high capacity aircraft are used

on the trunk lines to transport aggregated shipments amongst

the f ive ALC ’s, Wright—Patterson Air Force Base, and six

ports of debarkation from which shipments are transshipped to

overseas insta’ilations. Feeder routes , which are serviced by

smaller a i r c r af t , connect ALC ’s to bases. Current management

policy permits only one Logair flight to service a base each

day. Each of the bases in the network may actually represent

the collective needs of a number of installations in its

vicinity , so shipments may require trucking to ultimate

destinations .

AFLC personnel designate the a i r c r a f t  to be used and the

route each will service by app ly i:ig a heuristic , manual de—

sign procedure. Since aircraft require extensive routine

mai ntenance , routes are c a r ef u l l y desi gned considering the

locations of contractor maintenance facilities. The length

of each route must consider aircraft flight capability as
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well as federal regulations regarding crew working times.

Long routes are f eas ib le  but increase costs since crews must

be changed .

The f i n a l  aspect of  system desi gn , s p e c if y ing arrival/

departure times for each aircraft at each point serviced , is

currentl y negotiated with the contractor . Prime considera-

tions in this process ar e the times at which kases  provide

ground crews to service Logair f l i g h t s  and f l i g h t  c cew needs

as represented by the contractor .

Manag ement policies by which the system operates appear

attractive intuitively, but the cost implications which they

entail have not been well defined quantitatively . Current

heuristic procedures do not allow the trade—of fs between

shi pping times and costs to be made expl ic i t  f o r  management

review. Succinctly, a systems analysis is necessary to

prescribe the optimal commercial/dedicated mode transportation

system and permit thor ough evaluation of service level require-

ments and management policies.
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Appendix B

The Transportation System Planning Model

Developed during the 1976 USAF/ASEE

Sunimer Faculty P rogram

(Excerpted from the minigrant proposal)
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A’j = Administrative cost of establishing material flow

chain J
A (ijk)Jm 

= Proportion of 
~mid flowing on arc ( i jk )  of

chain Jm (Dv)*

Ck 
= Weight (volume ) capacity of vehicle k

C1 (F~1
) = Cost of shipping amount of material m on chain ~~~

‘

d = Destination point for material shipment

djjk Cost of vehicle k traversing arc i j

D. = Distance on arc i j  for vehicle k
ijk

Dk~
Dk 

= Uppe r , lower bounds on total route (or path) distance

(t i me) f or vehicle k

= Upper , lowe r bounds on di stance (t ime ) f or each arc

t raversed by vehicle Ic

~mid = Required weight (volume ) of ma terial  m to be sh ipped

from i to d

FJm = Weight (volume ) flow of mat~c ial rn on chain .t ( D v ) *

i = Index on points (ALC ’s and BASES) in the system

j  = Index on points (ALC ’s and BASES ) in t he system

k Index - ‘n v~ hicles (aircraft , trucks , commercial

modes) available for use

= Index on ti ~inspo r t chains connect ing material flow

or i1jns dud d e s t a r , i t  1 ns

L. = (
~nst t o i  v e h i c le  k t ~ er v l c e  point i

ik
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‘~~mid 
= Set of chains connecting origin i to destination d

for material m

m = Index on material types (priority , weight , cost , etc.)

n = Number of a specific arc in a vehicle route (path)

or material chain

0 = Point of origin for a vehicle

= Portion of material m (for a specific OD pair)

flowing on chain .1 (Dv)*

= 1 if vehicle k serves point i and “0” otherwise (Dv)*

S = Source or origin of a mater ial  flow chain

t = Termination point for a vehicle route (path)

T
~ ij k ) m  = Time required for  material  m to traverse arc ( ij k )

Tim = Time required for  material  m to traverse chain .~1

uk 
= 1 if vehicle k is utilized and ~~ otherwise (Dv)*

Ujm = Urgency (or priority ) factor associated with

material m on chain .1

vim = 1 if chain tm is used and “0” otherwise (DV)*

Vk 
= Fixed cost for  using vehicle k

Vmid = Number of chains consddered for mid requirements

X
ijkfl 1 if vehicle k traverses arc ( ij )  ~th in its

route ( p a t h ) ,  “0”  otherwise ( D V ) *
t h .

= 1 if arc ( ij k)  is n in chain 2. for  mater ia l

m , “0” otherwise (DV)*
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= Factor to represent compartmentalized capacity

of vehicles

= Maximum standard shipping time permitted for

material m

Tstd = Standard mean shipping time for the system

(Dv)* Implies a decision variable in the program .

I 2:~



Transportation System Model

mm 
~1m

(Fjm) + ~~~~~~~~~~~~~~~~~~~~~ + 
~~~

L ik ~~~ 
X j ikn

+ 
~~~Vkuk + ~~~ A ’Jvj  [ 23]

subject to:

I. The Dedicated Mode Network

~~~
X
Ojkl 

= u
k ~k’ 

vehicle Ic leaves its point of

origin 0 if used [ 6]

X j tkn = u
k ~k’ 

vehicle k terminates at point t

if used [ 7]

Xi jkn ~ 
uk ~~~~ vehicle k traverses its n

th arc

at most once [ 8]

~IX i jkn  ~ 
uk ~~~ k’ 

vehicle k traverses arc i~ at

most once (optional) [ 9~

~~~
Xjjkfl 

= 

~~~
X j ik ( n+ l)  ~ jkn,j~ t , j 4Ø~ 

tour k

is connected [10]

Di j kX ijkn  ~ 
Dk ~k’ 

tou r k dis tance
ijn
(time) limits [11]

DjjkX kfl ~ 
Dk ~ ij, k’ distance

( t i r rw ~) limits for arcs on tour k rl2J
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[Linear constraints in U
k 

giving vehicle relationships]

II. Multicommodity Material Flow

FJ~ = 

~mid ~mid ’ flow requi rements
id are satisfied [13]

vj ~ 
V i d  

~mi~~’ 
number of 

~mid chiins [l4~
‘~~~

‘
mid is lim ited

~~~~(sjk)iml 
= vim 

~Im ~~~mid
’ chain im begin s

at point S [15]

~~~~ ( jdk )Jmn = vim ~im C
~~mid

’ chain im ends

at point d [1sT

ijk ~~~~
jk

~~~~~ 
< vj~ ~ n , Im 

~~~mid 
chain im uses

n
th link at most once [17]

~~~~(ijk)Jmn ~ ~~~~ 
chain im uses arc

ii  at most once (o pt ional)  24

~~~~(ijk)Jmn 
= 

~~~~(jik )Jm (n+l) ~~m 
~~~mid ,j~ t ,j+O

chain im is connected Ll8]

~~~~ ( i jk)imn ~ ~~~
Xi jkn  ~ i jk ,/m €

~~~~id~ 
flow link-

vehicle arc relationship [i •~~J

~~~~~~( ij k )J m n~i m akCk~~~
X
~~ kfl ~ ij k’ vehicle capacity r 20]
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I I I .  Level of Service

Tim = 
~~~

Y(ijk)i~~
T’ ( ij k ) m  ~ 

Tm ~~m ~4id 
shipping

time on each flow chain [21]

(l/
~~~~

fmid )~~ 
UJmTImFJm < system performance

measure [22]

IV. Non-Negativity and 0,1 Cons t r a ints

F > 0 X ,Y,u ,v = 0,1 [25]
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Appendix C

Second Model Formulation Developed in Fall , 1976
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Til I~ 01-110 S’I’Ai’E UNIVERS ITY

• December 7, 1976

Dr. Ismail N. Shimi
Program Manage r
Air Force Of f ice  of Scientific

• Research
Mathematical and Information

Science
Boiling Air Force Base
Washington , D.C. 20332

Dear Dr. Shimi :

I submitted a proposal (number 06017—55—00) entitled
“Optimization of a Transportation System Planning Problem ” to
your minigrant  program early this  fall. The proposed research
is a continuation of work initiated during the 1976 USAF/ASEE
Summer Faculty Research Program held at the Logistics Command
Headquarters at Wright—Patterson Air Force Base. The proposal
presented a mathematical programming formulat ion of a complex
logistics problem and recommended research to continue model
development and examine potential solution approaches to evaluate
computation time required to solve problems of practical size.

Continued thought on this problem has just recently yielded
a much improved formulation of the transportation system pro-
blem ; and , according to our telephone conversation of 12—7-76 ,
I am forwarding the new formulation to you for review. While
this may not yet represent the ultimate form , it is a signif icant
improvement over the model in the proposal , and I believe it
should be considered as a part of the proposal review process.

The new model contributes to the first step of the proposed
work by providing a more tractable form and by making a number
of feasibility—checking procedures obvious. The new model makes
a significant reduction in the number of zero/one integer variables
and should , therefore , reduce computation times required to solve
problems of realistic size. A portion of the network design
burden is switched from the master-integer program to new variables
Y and W which may be treated as continuous variables. In fact ,
specific values of Y and W are ei ther zero or one and are deter-
mined directly by current values of the integer variables X and
G in constraints (7), (8), (9), and (19). Values of dual variables
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I

Dr. Ismail N. Shimj
Dc-o.±mber 7 , 1976
Page two

associated with these constraints may he determined directly
(this  portion of the problem is trivial and does not even require
a linear programming solution ) and provide feedback to improve
the network design in the X and G var iables .

Constraints in the X variables (equations 2-5) represent a
special case transportation problem as do those constraints
involving only the G variables (equations 12-15). These two sets
of constra ints  are tied together by equation (18 ).  This s t ruc tu re
permits efficient feasibility checking , and , in fac t , may lead to
an efficient solution algorithm .

This formulation is unique and provides an e f f i c i e n t  approach
to modeling a class of problems in which  a network must be des igned
as a component of the overall  problem. Problems in scheduling ,
sequencing , and vehicle routing fall into this class and certain
problems not amenable to previous approaches may be solvable using
this decomposition approach . A formal research proposal to study
the structure of this cla ss of problems is being wr it ten and will
be submitted to you in the near future. The transportation system
problem is one specific, albeit complex , model in this class.

I would appreciate you r considering the improved formula t ion
as a factor  in the review of the m inigrant proposal submitted
earlier.

Sincerely,

~~~~~ “T�T /~ 
~

W. E. Wilhelm
Assistant Professor

WEW : cm

cc: J. Abell , AFLC
A. B. Bishop, OSU
M. W . Woody , OSURF
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The Transportation Systems Problem

Notation

= Administrative cost of material flow chain £
= Cost of material flow chain q~ using arc ijnk

Ck = Weight (volume) capacity of vehicle k

C~~(F,g 
) = Cost of shipping F

,~
, amount of material on chain /

d = Destination point for material shipment

dljk = Cost of vehicle k traversing arc i j

D. . = Distance on arc i j  for vehicle kijk

= Upper , lower bounds on total route (or path )
distance (time) for vehicle k

= Upper , lower bounds on distance (time) for
each arc traversed by vehicle k

= Required weight (volume) of material m to
be shipped from S to d

F
2 

= Weight (volume) flow of material m on chain /

G. 2 = 1 if material flow chain E oeparts from point
i as the qth link and 0 otherwise (DV*)

i = Index on points in the system

j  = Index on points in the system

k = Index on vehicles (aircraft , trucks , commercial
modes,) available for use

K = Number of vehicles available for use

/ = Index on transport chains connec~ ing material
flow origins and destinaions. Each k is
specific to some Irnsd

Lik 
= Cost for vehicle Ic to service poir~t i
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msd = Set of chains connecting source s to destination
d for material m

m = Index on material  types (pr ior ity , weight,
cost , e t c .)

n = Number of a specific arc in a vehicle route
(path) 

-

• Nk = Number of points which vehicle k may visit
n=l , 2 , . . . ,  Nk

[Nk] = set of specific Nk specific points which k may visit

= Point of origin for a vehicle

P = Portion of f which flows on chain (DV)*ft msd

~ ink .~ 
= P

,~
on arcs (ink) used by chain (Dv)*

q = Index on number of arcs in material flow chain

= Maximum number of arcs management will permit in
chain ,~

[Q ,~~
] = Set of points which might be used in chain J

Q = Large positive number

s = Source or origin of a material flow chain ,~

t = Termination point for a vehicle route (path)

Tiflk/ = Time required to traverse arch (ink9)

T2 
= Time required for material m to traverse chain .,~

Unk = 1 if vehicle services n points , 0 otherwise (Dv)*

U2 = Urgency (or priority ) factor associated with chain /
V/q 

= 1 if chain l is composed of q arcs , 0 otherwise (DV)*

Vk 
= Fixed cost for using vehicle Ic

V = Number of chains considered for msd requirementsmsd
th .X . flk = 1 if point i is the n point in the route (path)

1 for vehicle k 0 otherwise (Dv )
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= 1 if vehicle k travels from point i to point j
0 otherwise (DV)*

W.  k ~~= 1 if both G and X allow vehicle k and chain 2ijn  q to traverse the arc from point i to point
j ,  0 otherwise (DV)*

= Factor to represent compartmentalized capacity
of vehicles

T
m 

= Maximum standard shipping time permitted for
material m

T std 
= Standard mean shipping time for the system

(Dv)*  Implies a decision variable in the program.
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~~ C 
~~ msd~ 

+ 
ijk 

d’jjk ‘~ijk

+ 
~ L.k (LX. k~ ~~~ 

VIc 
(1-130k

) + A ’ 0 (1-v ~i in k I “

+ A .  . W. . (1)
i jnkq~~. ij nkq~

Subject to:

I. Dedicated Mode Network Constraints

Xi flk 
= (~ n U k

), Vk (2)

~~ ~~ink 
= (n~+n) Unk , Vk (3)

X
~ lk 

= ( l-U~~~) ‘ Vk (4)

‘~~tnk 
= (~ nUnk) fo~~~~ whic~~ traverse a path ; (5)

N
= 1 , ~k 

(I,~ )

n=0

X~
.lk + X

~ 2k 
- Y

~~jk �.. 1 Vk;je[Nb], 
j~~ 

( 7 )

X
lflk 

+ X
~~~~+l ,k 

- ‘1ijk~~- ~ 
Vk:ij

~~
Nk]I 

j~~j
n=2 ,3,...,Nk~

l (8)
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~~~ jnk + ~
nUnk + 

~~j~~~n+l ~ 1 for k which traverse
a route;

j c [N k], j~ 0; n=2 ,3,...,Nk (9)

~ k ~~~
- ~~ Dijk ~ijk ~ 

‘
~k , 

(10)

< ~~~~~ ~ i jk  ~~ 
13k Vk , ij

~
[Nk
] (11)

II. Multicornmodity Material Flow Chains

~~~
Giq2 =  ~~ qvq,Q V ! 

(12)

~ qG~ q~ = ~ ~ (q2+q) vq~ s V~ (13)

G 1,(= (l-v
02
) ‘V~~ (14)

q Gdq 2 = q v
q~~~J~ 

q (15)

~~ Vqfi~= 1 ( 16)
q=0

~ ( l — v c~~ 
) < 

~
1
msd V msd (17)
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Giq ,Q + G j ,q+l,2 ~ ~: (xiflk + X j n+1 k ) s  Vjjq~~ (18)

G. + G . 0 +X. + X .  -W. . < 3iq f j,q+l ,x- ink j,n+1,k ijnkq) —

Wijnk q2•�. Giq / ~ Wjjflkq,~~~. 
G j ,q+ 1,~Q; W j j~~~q 9�. Xink

Wijnkq1~~~
Xj,n+l k ‘V

ijql nk (19)

I II .  Multicommodity Mater ia l  Flow Constraints

P 1.0 , Vmsd (20)
/

~snk2~~ 
G 1,~ ,v2 

• 

(21)

6ink2 ~~~. ~ 
Wijnkq,e ~V kn , i ,2 ( 2 2 )

~ 
6j~ 3ç,,~ 

<~ 1 V i .2 
• 

( 2 3 )

~inkR~~ ~~~~ 

- ~ ~~ ink ,Q ) V i nk (24)
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IV. Service Level Constraints

~msd ~ink~Q
’
~- 

°k CI, V ink ( 2 5 )

ink 
U
,~ ~~~~~~ ~msd ~ink~~ ~ 

‘rmsd ~msd 
,V msd (26)

2 €
~~ msd

U.~ Tir~~
2 ~

msd ~ink9 ~ 
‘r
S~ d E

d
fmsd (27)

V. Non-negativity Constraint

X ,G ,ô ,U,v= 0,1 (28)

Y,W ,P, P >  0

1 :u;
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The objective of this mathematical programming formu—

lation (Equation 1) is to minimize tutal system c u t  which

is composed of the cost of shipping UI eich mat ’iial flow

chain , the travel cost of vehicles used by dedic ated modes ,

the cost of a vehicle to service a point , a fixed charge

f o r  each vehicle us ed , an admin i s t r a t i ve  fee for  each

material flow chain established, and the cost of material

flow on each arc in the transportation network .

The purpose of each constraint is described below :

Constraint Equation
Number A f f e c t  of  Constraint

2 assures that each vehicle services
the assigned number of points , (flUnk )•

3 assures that vehicle tours are connected

4 assures that a vehicle tour begins at
the p r e d ef i ned point of  orig in if  the
vehicle is used

5 requires a vehicle path to terminate
at the p r e d ef i n e d  terminati on point

6 determines the number of points in
the tour f o r  each vehicle

7 defipes the arc which a vehicle takes
upon departing its predefined point of
or ig in

8 defines the arcs used on the teur of
vehicle I

9 defines the arc from the (nU 
k~

point visited to the preclefined point
of  orig in for vehicles which traverse
a route
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Constraint  Equation
Number Affect of Constraint

10 limits vehicle route/path distance/time
to predetermined s p e c if i c a t i o n

11 limits vehicle arc distance/time to
predetermined specification

12 assures that each material flow chain
passes thru the assigned number of
points , (qVq,g)

13 assures that material flow chains are
connected

14 requires a mater ia l  f low chain to
orig inate  at the source point

15 requir es a material f l o w  chain to end
at the dest inat ion point

16 determines the number of points in a
material f l o w  chain

17 assures that the actual number of material
flow chains defined for an (mid) cornbina—
tion is within a li mit set by management

18 assures that a material flow lijik
from point i to poi nt j  is not de f ined
unless some vehicle services that arc

19 defines the specific vehicles (I)
which are avai lable  for  use by the materi~’l
f l ow l ink ( i j q ~ 

) f rom poi nt i to point j

20 assures that all material for a given
(mid) combination will be delivered to
the desti nation

21 •illows material to flow only in chains
which are de f ined

22 the veh ic l e  used hy chain to depart
point i must be one which traverses
the cori ct arc (no te :  th i s  const ra i n t
holds for fixed values of W and carries
implica tions ,thou t off loading material
on v~hi cJ cs wh ich vis it a point or
an arc more than once.)
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Constraint Equation
Number Af f e c t  of  Constraint

23 a material  flow link wil l  use at most
one vehicle between points  i and j

24 assures that all vehicle arcs used by
material f l o w  chain ,~~ carry  the same
material

25 assures that vehicle capacity is not
violated on any vehicle arc

26 assures that an urgency/material
weighted time average of shipping time
for each (mid) combination in within
limits set by management

27 assures that an urgency/material weiqhted
time average of  sh ipping  ti me over all
material flow chains is within a standard
set by management for  overall system
perf ormance

1 3~
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A = set of extreme po ints in f low circulation network defined in
Problem M P

aq = 1 if vehicle k traverses arc q (from point I to point j), 0 othe rwise

aqL 1 if flow chain L uses arc q (ii and k implicit), 0 otherwise

b = (vehicle) capacity provided on arc q
q q ~ specific points ij and vehicle k

The Index q also indicates the 1st or 2nd time arc ij is traversed by k.

= transshipment capacity at point i

B 1 inverse of mat r ix whose columns correspond to a basic feasible
solution

B0 
= minimum cost of making all material shipments on commercial modes

subject to the ship time constraints

B,~ 
= non-negative constant in Benders ’ cut K (see equation [38]

B~(k) = set of arcs beginning at point i f o r  vehicle k

C -
~ cost coefficient for flow on chain ~~

fixed cost for using vehicle k

-
~ cost of traversing arc (ijk) and of servicing point j

rA cost/unit to ship material combination insd on commercial airm sd

~ rnsd = cost/unit to sh ip material combination msd on commercial ~ruc~

C cost of tour r for vehicle 1<rk

C~ = 
~ C rk Trk, for Trk ~

d — destination point for a material shipment

-
~~ dual variable i ‘ n i a t 1 with (‘onst t -ai nt  defining P in I’igu r~ 2

dq 
— length i i  distance ~ r time) of arc q

d k -
~ m a x i m u m  tou r J ( ‘ngth for v ’ h  I I k

I - I l
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D dummy destination point

Dt 
set of tours excluded at step 1/B in solving Problem t i

D(N) = ‘d istanc e’ from source S to node N

• Dq ‘d istance ’ or length of ar c q

Et set of subscripts of tours wh ich have no associated v values

E1(k) set of arcs ending at point i for vehicle k

~msd shipping requirements commodity m, from source s to destination d

F Problem P1 object ive f unction val ue

• g
~~2, 

1 if flow chain L accommodates comb ination msd = n, 0 otherwise

i = 1, 2, . . . , I points

j = 1,2,...,I points

= vector of the Tr 
var iables that ha ve been ass igned a b ina ry

specification in ~he current 
partial solution in Problem 01

• J = number of feasible vehicle network designs

k 1, 2, . ..  , K vehicles

k -z vehicle which is the complement of vehicle k

column repres enting f low chain .2~

• K ’ - number of vehicle tours in a complete network

= 1, 2,... , L flow chains

m — 1, 2, . . . ,  M commodities types (M may imply all types)

nk -
~ number of tours defined in Problem 01 for vehicle k

- set of subscripts of the ‘I’ variab les which are candidates for
improving  the current part lii l solution in Problem 01

• 0sm order and ship time at SOUrCe s I r in ateri al type in

0 - ‘dummy ’ point of origin lor all v ehicle  t ours

point of origin for  vehicl e k



= portion of material of type t , 
~msd’ shipped on flow chain L

.Q. and t ~~ a specific msd combination

P0 
= Probl em LP objective funct ion valu e

q = 1, 2 , ..., Q vehicle arcs (ijk implicit)

r = ind ex for vehicle tours in Problem P1

Rm
r
sd artificial variable for material flow requirement 

rnsd

s source point for a material shipment

S = dummy source point

slack variable associated with vehicle—arc constraint q

S~~ slack var iable associated with ship time constraint m

S~ 
= slack variable associated with transshipment point i capacity

rA = portion of f shipped on commercial airmsd mad

S
~~~d 

= portion of 1mscl shipped on commercial truck

t..~ I if flow chain L transships at point i, 0 otherwise

Tt shipment time on vehicle arc q

Tj -
~ (overnight) ship time delay incurred if flow chain £ is carried

through vehicle k termination point i

T S 
m -z transshipment time for material type m at point i

Tok 
= 1 if vehicle k is not used, 0 if it is used (the null tour) (Tok 

-
~ 1 - Tok)

T ‘dummy ’ termination point for all vehicle tours

T
k 

termination point for ~‘ehicle k

‘I \ V ( ’ t O I ’  ot 1 rk “~ Jucs

T(k) set of lnt1i-~ which ehiclu k might tra’~ ev~~’

Tq (k) • set of to ’i ‘- - or v eh ic l e  k which ra~ erse arc q

1 II t hieli k travvr- ~es tou r r, itlo rwise

I

_ _  _ _ _ _  
•
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•

U = number of arcs on a tour

U 1 
= unload time Incurred at shipment destination d for material type m

V -
~ set of all vehicles provided

= set of subscripts of vehicles which have been assigned (one
Trk = 1 in rn

= set of subscripts of vehicles which are excluded because their com-
plementary vehicles are in the set Vt

set of vehicles which are candidates for inclusion in solution
at level one

v d set of vehicles for which all tours C Dt

y e = set of veh icles for which all tours C Et

set of vehicles which have all tours at level zero in J~

= Crk — bq ‘ ~ I the coefficient of tour r for vehicle k
q E T ~ (q) q j~ Benders ’ cut t(

W ’ = 
~ W T for T U
hr rk~ rk rk — t

XI L  1 if flow chain 2 is carried through veh icle k termination point i,
0 otherwise

~ ik 
- amount of ‘flow ’ through point i in subnetwork Ic in Problem P2

Z -= continuous variable in Benders ’ subproblems

Zc = current best Z value resulting from a complete solution

Z Z value which results from a completion of the current partial
p solut ion, 

~
= parameter 0 ~~- 1

- dual variable associated with (material in )ship time constra in!
iii

I 
~~~~~~~ 

I

I 1 1
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= dual va riable associated w ith transshipment capacity at point i

Yq 
= dual variable associated with vehicle arc q

t’m 
= ship time standard for material type m

dual variable associated with n = mad ship requirement

• see equation [18J

IC = iteration number between Benders’ subproblems

IC --z current Benders ’ iteration number

X = continuous decision variable, 0 ~ 1

p. (m) set of flow chains accommodating material type m

- dual var iable associated w ith normal iz ing cons tra int

p. = dual variable associated with Benders’ cut K

= dual var iable associated with tour length constraint for veh icle k

• = set of vehicles used s imultaneously in a shortest path problem
• used for column generation

= ship time on flow chain L (t implicit)
A

T = ship time for mscl combination on commercial airmsd
T 

= ship time for msd combination on commercial truck
msd
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Column Reference
Matr ix Vector Element s Dimension (s) Figure

A 0, 1: to relate points to a tour (# points , # tours) 14

A 1msd A qL (L , Q) 2

B Benders ’ cut constants B 14
IC

~ rA C rA msd 2msd

CrT ~~
rT msd 2msd

rA rACf ~msd C d msd 2

rT rT
C. f C. msd 2f msd msd

[C—by ] tour cost in Benders ’ cut , eq. [43] # tours 14

G (insd , L) 2

Identity matrix appropriate 2 , 14

right hand side In network logic constraints,
eq. [42] 14

~~(t) L 2

RB artificial variables , eq. [43 1 14

RK artificial variables , eq. [78] N 14

artificial variables, R
~~sd, 

msd 2
eq. [ 12]

Q 2q

~~ sur plus var iables , eq. [43] ,C 1 ~

S~~ slack variables, eq. [42] appropriate 14

SI~O L variables, eq. [-10] K 14

,rA , rA
S insd 2

~iUS (I 
sd 2

1-1 7



Column Reference
Matrix Vector Elements Dimension(s) Figure

55 S~~ M 2

S~ S.~ # transshipment points 2

T T # tours 14rk

M 14

A 0, 1: relate tours to network (# network constra ints, 14
constraints # tours )

Tl
f 0 , 1: relate flow chains to (# transshipment 2

transshipment points points , L)

0, 1: relate tours to vehicles (K, # tours ) 14

T
f 

f d T
~~

) (M, L) 2

A A
T 

~msd T msd (M , msd) 2

T T
T f T (M, msd) 2I msd msd

1 column vector of ones appropriate 2, 14
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Appendix F

Proof of an Assertion Used In Chapter IV
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Assertion: 
~qIC 

= 0 for arcs q not used by the vehicle network specified
at iteration IC in LP.

Proof: Suppose the variables are renumbered so that the first M are in solution .

T he qth row would be of the form

A f P~~~ Ø

and the first M columns would contain zeroes, since no flow chain , 2 ,

which uses arc q may be used in a feasible solution. Currently,

B (P 5rA 5rT)? -z b, (P 5
rA 5rT)~= B~~b, ~ = C1~(1~ 5rA 5rT )

(o ~ y d~ ~~) C13 B 1 A.

Add row q to the problem and consider the possibility of adding an addi-

tional basic variable , Pq .

I B 0 / P  \ / b
I I s~’A \=1
[aq~...

aqM 1 ~ ~ rT) \ 0

/ P  \ B o l - 1  /b\ B 1 o]  / b
I s \-z I I L~ 1. 1
~ Sri’

) 
aq% . . .  aqm 1 j ~ 0 / -(a q qM~

13 ij \ 0

But (flq~ aqm ) — (0,... 0), so

(P 5rA 5rT Pq ) ’ = ( B ’ 0 \~ (
1 b (B ~~ b

i / \ o  / “ 0

and dual variables arc defined by
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~~- -
~~~~~~~~~

-- -~~~~ --•—~~~~~~~~~~ 

(C B C~~~ ) B~~ 0 1 = 
( CBB ’ \ ( C BB ’

0 ij  \ Cpq I ~ 0

since P is a slack with C = 0q Pq

The dual variable associated with arc q is therefore zero as originally stated.

This argu m ent may easily be extended to prove the assertion for  any number

of constraints not made explicit in LP.
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Computer Program
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

A computer program to test the solution procedures described In Chapters

Ill and IV was written and is currently being debugged. The program includes a

Revised Simplex algorithm with Generalized Upper Bounding which has been

specialized to improve run time and reduce storage requirements. The column

generation routine defined In Chapter III is included. Techniques such as ‘checks

for zeroes ’ and explicit storage of nonzero elements only are incorporated as Is

the use of double precision to moderate accumulation of numerical round—off

errors. Routines which implement the tour selection procedure (the algorithm

for Problem 01) have also been keypunched, along with the necessary Inpu t , out-

put, and cross-communication routines. Programs to solve the two subproblctns

consist of 3233 cards (several input/output routines were duplicated to allow

parallel debugging of the program halves).

The objective of promoting run time efficiency guided program design

throughout~ Other features were included to simplify implementation . 1-:\anlp les

are the use of one-dimensional storage vectors to reduce run time an(~ to al l ow

the routines to be stored on disc . Dimensions of arrays need be defined only in

the main program for each different application. In addition, the program was

desAgned to allow easy testing, including provisions for inputting i~ and value s ~

(sue Chapters III and IV, respectively) as data elements.

Emphasis was placed on pursuing the line of investigation reportc-~i i.~

Chapter \ In lieu of concentrating on the computer program . I nvest igat ion ot

tuu r c o n s t r l m ( t i  ifi ~m l ) i  l i l y  was t icem ned mo i— c Im p o r tan t , o~-eral i, in this ~h- Hop—

ment study. Addi t iona l ly ,  this l in e ot invest igation was emn phas i ied  considering

I s: t

—--- —-•- - -  •— - --- — —~~--• - 
—_

•
- -

• —=-- ------ - - - • _ _ _ _ _ _ _ _



• -- --- -- --

the related research proposed as another project and under review by the USA F/

OSR during most of this summer.

Variable definitions and program codes are Included In this appendix for

completeness. Faculty release time provided this fall quarter which is not used

in report preparation will be applied to continue computer progra m development.

However, the level of testing required should be accomplished on a project of

longer duration and more concentrated effort.
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CODES FOR SUBROUTINE

ME SGE (11, 12, 13, 14, 15, 16 , 17, 18, 19, 110, 111, 112, 113, 114 , 115)

11 CUR RENT LP SOLUTION
KEY VAR(. ), NET , P( . )
BASIC(. ), KNET(. ), P ( )
KVA It(.)

12 I~INV (.

l :~ A L P ( . ) , IALP(. )

I-i EN T E R IN G  GENERATED COLUMN COL(. )

15 C LIAIN(.

I t , . \S ( .  ), DBAItS(. ), ABARS(. )

17 i)[AL (.

l~ W(. ), WMIN(.

19 01 SOLUTION STA TUS
T(. ), JT(. ), NOEK(. ), V(. ), LB, ZC , UB

110 NOI)E(.

11 1 CUi’~1CST(. ), PATH(. ), OItDEItl(. ), ORI)ER2(.

1 12 Reserved for problem MP

113

114

115 CURRENT 01 DECISION CRITERIA
WSU~\1(. ), CTMIN(. ), COLDEC(. ), COLMAX(. ), CO LSU \1 (. )
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ERROR CODES

PROGRAM SUBROUTINE SUBROUTINE NAME

2 1 READIN

2 2 PREPLP

2 3 RSGUB

2 4 COLGEN

2 5 SHORT

2 6 REOHD R

2 7 PHILP

2 9 UPBINV

3 1 READIN

3 2 PREP OI

3 3 IEOi

3 4 PREPND

PROGRA M CODES

2 subroutines associated with problem LP

3 subroutines associated with problem 01
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ROW AND VA RIA BLE INDICES FOR PROBLEM LP

ROW INDICES NUMBER

(1) Ship tim e constraints NMATST

(2) Transshipment capacity constraints NTRANS

(3) Vehicle arc capacity constraints QMA X

(4) P
0 

row def ining the LP object ive 1, the MTH row

VARIA BLE INDICES NUM BER

( 1 ) Art ific ial va riables for ship requirem ent s MSD

(2) Slacks for ship tim e constraints NMA TST

(3) Slacks for transshipm ent capacity constraints N TRA NS

(4) Slacks for vehicle arc capacity constraints QM.AX

(5) P0 the LP objective function value 1, the NTH VARIABLE

(6) Commercial air shipment for msd requi rement MSD

(7) Commercial truck shipment for msd requirem ent MSD

(8) Generated columns up to MSD MTH - 1
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A A  (ççr , I I ,c,e on reverse ri:!. If n e r e s~~ery sn,I ide n t ity  I-c h l o r k  ,r , m h er )

~l’his study investi gated the problem 01 synthesizing a minimum cost transporta-
tion system plan to service forecast shipment requirements amon g a set of points in
such a manner  as to sat isfy aggregate ship—time performance levels. Both comn ier—
eta! and dedicated modes may be used in the transportation plan; but the la te r  must be
designed in detail including specification of vehicles to be used , the route each is to
service , and a rr ival/ depa rture t ime schedules.

• A large—scale , m ixed integer , l inear programming model of the plannin ir

DD ¶ j A N 13 1473 ED I T I O N  OF 1 N O V 6 5  IS OBSOLETE
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TI ’ CLABSIFIC c-ION OF c- FItS PAGE (i47,en D~~I~~~Fr~fsr.r I)

2O,~~ b~tr~ct

problem Is developed and simplified for solution by appl ying Benders ’ decomposition to
~~ yield two more simple, interacting subproblems. One of these, a linear program which

assures ship— time performance, is amenable to large-scale programming techniques for
which specialized al gorithms are stated.

Several formulations of the other subprobl em, which defines the dedicated mode
~~~~~~ network , are described . The first designs the network using a set of feasible, veh icle

tours. An impl icit enumerat ion al gorithm applicable to this model is described. Three
additional formulations , each of which constructs vehicle tours directly, were developed
and solution approaches for each are described.

The tactical , vehicle scheduling problem is treated subsequently. Collectively,
study results offer capability to solve transportation system planning problems of realis-
tic size. -
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